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I. INTRODUCTION

A. CHEMICAL SHIFTS

One of the principal objectives of high-resolution
nuclear magnetic resonance studies of liquids is the
evaluation of accurate chemical shift data. These data
are of value not only for their characterization of specific
molecules for analytical purposes, but also for their
bearing on chemical phenomena in general. The term
“chemical shift” or ‘‘chemical effect” was originally
used to indicate that a given nucleus could exhibit dif-
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ferent resonance fields (or frequencies) when contained
in different molecules; the protons in water and benzene,
for example. However, the subsequent production of
magnetic fields of high homogeneity resulted in the fre-
quent discrimination of several nuclear resonances
within a given molecule. These multiple resonances
result from internal or intramolecular chemical shifts,
the classical example being the shifts of the methyl,
methylene, and hydroxyl protons in ethyl alcohol (9).

Chemical shifts arise from a field-induced magnetic
shielding of the nuclei by the molecular electrons, and
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TABLE 1
Direction cosines for orthogonal transformations in terms of the Eulerian angles
z v z
T cos ¥ cos ¢ — coa 8 sin ¢ sin ¥ coa ¥ 8in ¢ - cos ¢ cos ¢ sin ¢ sin ¢ sin ¢
7 —sin ¢ cos ¢ — cos @ 8in ¢ cos ¢ ~sin ¢ sin ¢ + cos ¢ cos 0 cos ¥ coa ¢ sin 0
B sin 8 sin ¢ —sin 0 cos ¢ cos #

are quantitatively described by an appropriate shielding
constant, oy, for each nucleus. Thus, in an applied field
H,, the field in the immediate vicinity of a particular
nucleus is given by

H“ = (1 - U.')Hg (1)

The associated nuclear Larmor precession frequency is
wi=vHi= (1 - o;)yH, 2)

where v; is the gyromagnetic ratio for nucleus 7. It
should be noted that |wi] = w; is in angular units
(radians sec.”!) and is related to the linear frequency by
the equation

w; = 2xv; 3)

More generally, equation 1 is to be replaced by

HP = {1 — o |H, )

where 1 is the second-rank unit tensor and ¢ is the
(second-rank) shielding tensor for nucleus 7 when the
molecule has the orientation A with respect to a set of
space-fixed axes. The tensor form of magnetic shielding
effects is appropriate when chemical shifts are observed
in solids (49); in liquid systems, however, there are
frequent changes in molecular orientations, so that
equation 4 must be accordingly averaged. The rate of
molecular reorientations in liquids is of the order of
10'° sec.”!, which is about 1000 times faster than the
usual nuclear Larmor precession frequencies (108107
sec.”!), so the assumption of complete averaging is
normally 2 good onc. The averaging is most con-
veniently carried out by considering a set of principal
axes (z'y’?’) fixed in the molecule. The shielding tensor
is diagonal in this codrdinate system with the principal
values o, 0., and ¢, (the subscript ¢ being dropped for
the moment). The components of ¢™ relative to the
space-fixed axes are related to those in the principal
axes by the orthogonal transformation T (30)

oW (z, y, 2) = Td(@’, ', )T (5)
or, in component form,
o = Salata  pLTAPH ®

The 7', are the nine direction cosines between the (zyz)

and (z'y’?’) axes and satisfy the orthogonality rela-
tions (29)

2 T,&T& = 8¢ (7)
where §,, is the Kronecker delta
= {2 frr 2 ®

The direction cosines are conveniently expressed in
terms of Euler’s angles 6, ¢, x, as in table 1 (29).

The characteristic values, os, of the shielding tensor
do not vary as the principal axes assume all possible
orientations, so that

) — L r 2r L 3 .

<@ >ua 81,2«. j; dx j; de f. TaTasinfdf (9)

Upon carrying out the integrations one obtains finally
<O >0 = (%Trd.-)l (10)

where T'ré; is the sum of the diagonal elements of the
shielding tensor as determined in any codrdinale system.
Thus the averaging has the effect of diagonalizing d¢;;
but note, however, the degeneracy of the characteristic
values of equation 10. Equation 4 can now be averaged
with the result:

<H?)>nv.l = Hi = ‘l - <3?‘)>|v.X}HD
= (1 - -31-Tr¢.-)H. an
This result is identical with equation 1 if one defines
o = (%de.') (12)

The first theoretical calculations of shielding con-
stants were couched in classical terms and restricted to
atoms (48). The result of this work was the “Lamb
diamagnetic correction”

- €
3me?

v V(0) (13)
where e and m are, respectively, the electronic charge
and mass, ¢ is the velocity of light, and V(0) is the elec-
tric potential produced at the nucleus by the atomic
electrons. For atomic hydrogen in a 1s state

=ecls, =&
V(O) - e<r>l7. @
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(@ is the first Bohr radius) and

N
e = ¢
le 3mcla,

= 1.76 X 10~* (14)

For nuclei with large Z the Fermi-Thomas approxima-
tion yields (48):

o = 3.19 X 1075 Z4/2 (15)

Equation 15 is useful for estimating the magnitudes of
chemical shifts. Fluorine (Z = 9) shifts, for example,
are about thirty times greater than proton shifts.

A quantum-mechanical theory of molecular shielding
(72, 73, 75, 77), based on second-order perturbation
theory, leads to a term equivalent to the Lamb dia-
magnetic correction and an additional term that corre-
sponds to an apparent paramagnetism of the molecular
electrons, The paramagnetic term involves the energies
and wave functions of excited states—quantities that
are presently unavailable. The introduction of a mean
electronic excitation energy, AE, reduces the correction
term to one involving only the ground-state wave func-
tion, ¥o. The (averaged) shielding constant is (73, 74)

0 0

Z;mi'mb
[ r

k

= £ _ 4
o =5 5V0) — 555 <o

Yo> (16)

where 7, is the distance of electron k from the shielded
nucleus, m} and m} are the orbital angular momenta of
the j* and k*® electrons, and the angular brackets
denote an integration over configuration space. Since
m} and m§ are differential operators in the quantum-
mechanical sense, the second term of equation 16 in-
volves a sum of second derivatives of the wave function.
Thus the ground state must be known with considerable
accuracy to avoid excessive accumulation of errors.

The lack of the required input data for this theory has
forced a more simplified approach to the problem of
molecular shielding. For example, the shielding constant
may be considered as a sum of terms which represent
the diamagnetic and paramagnetic contributions of
various atoms (82). This method has been refined by
coupling the atomic contributions by means of inter-
atomic electronic currents (62). Other approaches have
employed variational techniques (40, 54, 86), the mo-
lecular orbital approximation (2, 3, 51), and classical
ideas (66). These calculations have provided useful
qualitative results; at best, however, they are only
semiquantitative and the burden of accurate determina-
tions of chemical shifts rests almost exclusively with the
experimentalist.?

The experimental evaluation of chemical shifts is not
without its own peculiarities. Concentration-dependent
shifts occur frequently (68, 69) and may be inter- or

1 Experimentally, one usually determines chemical shifts as
diamagnetic or paramagnetic with respect to some reference com-
pound, or simply the relative intramolecular shifts.

intramolecular in origin (14, 16). These effects do not
hinder the analysis of a given spectrum, but corrections
must be introduced whenever comparisons are made.

B. SPIN-SPIN COUPLINGS

High-resolution spectra frequently exhibit an abun-
dance of hyperfine structure which, in contrast to the
linear field dependence of chemical shifts, is independent
of the applied field. This additional structure arises from
an indirect coupling of the nuclear moments u;, which is
transmitted from nucleus to nucleus by the paired elec-
trons comprising the valence bonds. The effects of this
interaction were first observed in the modulation of the
echo envelope in pulse experiments (38, 39) and as
simple multiplets in early high-resolution studies (35,
36, 37). From these experiments, it was concluded that
the interaction between two spins 7 and 7 had the form

—Kii'w;i (17

where K;; is a constant depending upon the molecular
electronic structure.? The scalar product form of the
coupling guarantees rotational invariance, which must
be the case since the multiplets survive the random
averaging process characteristic of liquids.? Further, the
interaction completely accounts for the fact that multi-
plets are not observed (¢f. Section IV,A) for systems
containing equivalent nuclei (35, 36, 37, 38, 39). For
example, no multiplets are observed in the proton
magnetic resonance spectra of benzene, water, methane,
etc., and these results are predictable on the basis of
equation 17. The fine structure predicted by the scalar
product coupling has also been verified in a large num-
ber of cases.

The proportionality constant K;; has the dimensions
gauss? erg™!; it is customary, however, to express spin
couplings in frequency units (angular or linear). The
magnetic moment of nucleus 7 is related to the spin
vector I; by the equation (26, 59)

ue = v:hl; (18)
where h is Planck’s constant & divided by 2x. Thus
Kipiwi = viv; Kbl I; (19)

The spin-spin coupling constant (in angular units) for
spins ¢ and j is now defined as

Jij = yivhK;; (20)

2 The sign convention in equation 17 implies that for K;; > 0
the coupling energy is lowest when the spins are parallel; if
K.; < 0, the minimum interaction energy is associated with
antiparallel spins. '

# Dipolar interactions, which produce fine structure in solids
(60), cannot be effective in liquid systems, since they depend upon
the angle 8 between the applied field and the line joining a nuclear
pair through the factor (1 — 3cos*), whose random average is

2r T
1
<(1 — 3c08%) >, = 4—/ d¢/ (1 — 3cos®) sin 8d8 = 0
T
0 0
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and the interaction energy becomes
—~K;pieu; = —Jihliel; (21)

In linear units the coupling constant is

A= ‘gr (22)
The indirect spin-spin coupling of magnetic nuclei has
been justified quantum-theoretically (76, 78, 80)
through consideration of a rather general molecular
Hamiltonian plus a perturbation by the Fermi contact
interaction (67). The Fermi interaction is, essentially, a
coupling of nuclear and electron spins and its magnitude
depends upon the probability that the electron is at the
nucleus; hence the term “contact interaction.” In the
second order of pertubation one finds a scalar product
coupling of the nuclei. Actually, the interaction has the
form of a second-rank tensor which takes the dot prod-
uct form upon averaging over all possible orientations.
Since the exchange coupling of the electrons is inti-
mately involved in the interaction, the coupling mecha-
nism is more properly described as a “nuclear spin—
electron spin—electron spin—nuclear spin coupling”; for
obvious reasons this is contracted to “spin-spin cou-
pling’’ or simply “exchange coupling.” For protons spin-
spin coupling constants are small (0-20 sec.~!) but may
persist over five chemical bonds (22, 58). Other nuclei
may couple to the extent of a kilocycle or more (67).
The theory is applied with some difficulty to the
direct calculation of coupling constants, again owing to
the lack of molecular energies and wave functions.
Approximate calculations (50, 51, 52, 87) have provided
qualitative and semiquantitative results of interest.
More recently, valence bond theory has been used to
calculate proton-proton coupling constants (42, 43, 44).
The results are in good agreement with the experi-
mental data and show an interesting relation with
H—C—H bond angles (34). Although this method has
only been applied to some simple molecules, the ap-
proach is very promising.

C. THE ANALYSIS OF NUCLEAR MAGNETIC RESONANCE
SPECTRA

In view of the possible interactions of a collection of
nuclei in a magnetic field, a Hamiltonian operator may
be constructed which involves the chemical shifts and
coupling constants parametrically. With this Hamil-
tonian ard the formalism of quantum mechanics, one
seeks a set of chemical shifts and coupling constants
which describe the experimental spectrum. This em-
pirical approach is dictated by the lack of accurate
theoretical values for the essential parameters and is
quite common in molecular spectroscopy. The quantum-
mechanical aspects of the problem lead to a formal
identity with other branches of spectroscopy, but the
analogy is somewhat sharper in the case of infrared with

nuclear Larmor frequencies and coupling constants cor-
responding to fundamental frequencies and force con-
stants, respectively.

The analysis of a high-resolution nuclear magnetic
resonance spectrum is a relatively simple problem when
only shielding effects are important and is closely re-
lated to the structure of the molecule under study. In
such a case, there will be a single resonance associated
with each distinct environment with an intensity
proportional to the number of nuclei in the given
environment. Measurement of the separations of the
various resonances (in magnetic field or frequency units)
gives the relative internal chemical shifts. The assign-
ment of particular resonances to definite nuclei requires
additional information obtained, for example, by iso-
topic substitution or reference to accumulated data
(32, 64).

It frequently happens that nuclei which are struc-
turally nonequivalent have nearly identical resonance
frequencies and the associated line widths prevent their
resolution. If the spectrum consists of more than one
line, the intensity relations may be used to clarify this
case.

The next order of approximation is obtained when the
spin-spin coupling constants are small in comparison to
the relative internal shifts. Simple multiplets occur in
this situation and the spectrum can be interpreted with-
out recourse to detailed calculations. The above-men-
tioned intensity rules remain valid in this “first-order
case”” when applied to the multiplets themselves. The
multiplet structure may also be used to assist in the
assignment of lines to individual nuclei,

When the coupling constants are comparable to the
relative shifts, the simple rules no longer apply and
detailed calculations must be made. If the molecule
contains 7 (magnetic) nuclei there will be, at most,
n(n — 1)/2 relative shifts (not all of these are inde-
pendent) and an equal number of (independent) cou-
pling constants. For n > 2 the general problem involves
algebraic equations of degree > 3, so that numerical
techniques must be employed. There are many cases,
however, where internal molecular motions result in an
“effective symmetry’’ and the orders of the algebraic
equations are accordingly reduced. Similar reductions
oceur when the molecule has group symmetry, thus
allowing the use of group theoretical techniques (33,
93). Other methods of interpreting nuclear magnetic
resonance spectra are: perturbation calculations of the
second or third order (3, 9), moment calculations (7),
and multiple irradiation experiments (12, 13). The latter
is more of a “‘trick’”” than a general method of analysis,
but its use can often simplify a complicated spectrum.
All of these calculations lead to a delta function type of
description; that is, the spectrum is given by a series of
discrete lines of height P, located at frequency Qj,
where Pji and Q. are constants denoting, respectively,
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the transition probability and frequency associated with
the transition from an initial quantum state k to the
final state 7. The calculations provide values of the Pj;
and @, and detailed descriptions of these calculations
are given in the text. The inclusion of relaxation
phenomena requires a quantum-statistical discussion
and will not be considered here (13, 89). Discussions of
elementary principles and the general theory of nuclear
magnetic resonance may be found in review articles
(32, 60, 61, 91) and texts (8, 64).

I1I. ELEMENTARY THEORY

A. INTRINSIC SPIN ANGULAR MOMENTUM

1. Spin theory for a single nucleus

The magnetic moment operator u, for a nucleus with
nonvanishing spin, is related to the intrinsic spin vector
I by the equation

v = vhl 1

where h is Planck’s constant divided by 2#, and v is a
characteristic constant known as the gyromagnetic
ratio. The spin vector I = (I,, I, I,) represents the
angular momentum in units of h and its components
satisfy the commutation rules (23, 26, 81)

LI, — LI = il,
11, - LI,
LI, — LI,

i
-,
Py
0]

2)

]
-,
:4

where ¢ is the imaginary unit. Equations 2 may be
succinetly expressed as a symbolic vector cross product.

IXI=11 3)

In addition to these operators, the “square’ of the spin
vector

ILisk=0I+1}4+1 4)

and the so-called ‘‘raising”’ (4) and “lowering” (=)
operators defined as

I*= 1, £, (6)

are also of importance.
From equations 2 and 4 it is easily shown that I? and
I, commute:

PI,—-I1=[1%1]=0 (6)

The significance of this result follows from a general
theorem which states that if a collection of operators
commute with each other, then a set of functions exist
which are simultaneously eigenfunctions of all the given
operators (23). I, and I, also commute with I%, but in
view of equation 2, only I? and one of its components
form a commuting set. It is customary to take I* and I,
as the commuting set, and this choice defines the (space-
fixed) z-axis as the axis of quantization.

Let &1, be a set of eigenfunctions of I? and I,. It can
be shown (23) that

I’@I.m = I(I + 1)‘1)1"" (7)

where I > 0 is the spin quantum number and is re-
stricted to integral or half-odd integral values. The
physical significance of I is that it is the maximum
component of the spin vector in the z-direction. The
eigenvalues of I, are denoted by the letter m and are
precisely 27 4+ 1 in number

m=LI-1,1-=2 .- =41, -1 8)
and the eigenvalue equation for [, is
I, ®1m = mPr,m (9)

There are, therefore, 2 + 1 independent spin functions
which are characterized by the quantum number I,
which is fixed, and the quantum number m, which may
assume any of the values in equation 8.

The functions ®;,, are assumed to be an orthonormal
set; i.e., the scalar product (26, 81) (®r1,m,Pr =) satisfies
the equation

(Primy Brm’) = Sam’ (10)

where 8, is the Kronecker delta. The matrix elements
of Iz and I, are obtained by taking the scalar product of
equations 7 and 9 with &7 n:

(q:'lym', l’Ql.m) = <q)l-m'|lz|¢l.m> = I(I + 1)5m'm (11)
<q’1.m'|Il|QI.m> = Mdm'm (12)

Thus, relative to the basis ®;,., the matrix for I? is
I(I 4+ 1) times an identity matrix with 2/ 4 1 rows
and columns, and the 7, matrix is also diagonal with
elements I, ] — 1, - -+ =T 41, —1.

The effects of I, and [, on the &®; ., can be evaluated
but it is often more convenient to work with I= (23).

IFem=V{IFm)I £m+1) brmu (13)

The matrix elements of I* are:

<Orm |2 Em> =V I Fm)T £tm+ 1) form =mz1
= ( otherwise (14)

From equation 5 it follows that

Izél.m = (I+ + I_)él.m (15)

- DOl

IyQI.m = Z(I+ - I——)q)lnm (16)

which, when combined with equation 14, defines the
matrix elements of 7, and I,.

It should be noted that I,, I,, I,, and 12 (but not I%)
are Hermitian operators; that is, if A represents any of
these operators, then

(®1,m'y APLm) = (A®Lm', BLm) = (®1.m, ARLm)*  (17)

where the asterisk denotes complex conjugation.
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For the particular case of I = 1/2, m = +1/2 and
it is customary to introduce the definitions

Di2a2 = a (18)

P22 =B 19)

« and B are often referred to as the “spin up”’ and “‘spin

down’’ states, respectively. For this case, equations 7, 9,
10, and 13 yield the results:

! (20)
s =3(3+1)s
T = %a

{21)

18= —§ﬁ
It = I8 =
I =« (22)
I'a=8
(a; ﬁ) = (ﬁ) Q) = 0} (23)
(a)=(,8 =1

2. Spin theory for a collection of nucles

The preceding results are applicable only to a single
nucleus of spin I, while later problems will involve
systems with n spins and operators such as

=31 (24)
i=1
I.=Z'}1u' (s=1z4,2) (25)
=1
It=1I1I= Z‘_,Iﬁ + ;“,Z} 1L (26)
&
=331 @

i=1

The commutation rules for the components of I with
each other and with I* are (25, 26, 81)

I; X I, = e (28)
1% 1,]=0 (29)

Equation 28 states that the operators for independent
nuclei commute, and equation 29 implies that a set of
functions can be found which are simultaneous eigen-
functions of I? and I,. For the present the simpler, but
useful, representation is considered in terms of products
of the functions ®r ... In this scheme (83) each nucleus
is represented by a function satisfying equations 7 and
9, and the entire spin system is described by products of
the type

&(m) =& - Im;- .- ;m)= fI Primi (30)

i=1
Since there are 2/; + 1 values of m;, there will be

N = H @2r1; +1) (31)

such products. These product spin functions are eigen-
functions of I,

I1&(m) = m&(m) (32)
where the quantum number
m=2 m; 33)

takes the integrally spaced values

T R CURECD

The functions ®(m) are not, in general, eigenfunctions
of I?, but it is possible to express these eigenfunctions as
linear combinations of the ®(m).

In high-resolution spectroscopy, particular interest
focuses upon homogeneous spin systems with spin
quantum number one-half. For such systems equation
31 shows that there are 2" product functions. In writing
these products explicitly, a serial order will be em-
ployed; i.e.,, 88 . . . means that nucleus 1 is described
by the spin function e, nucleus 2 by 8, etc. The possible
values of m range from n/2 to —n/2 and it is easy to
show that the number of spin functions with a given
value of m is

n!
(g—m)!(g+m)!

1t is to be noted that there are as many spin functions
with the eigenvalue —m as there are with the eigenvalue
m. The products are given in table 2 for the case n = 3.
The problem of constructing spin eigenfunctions of
the square and z-component of total angular momentum
for n spin 1/2 particles is discussed in texts on quantum
mechanicsand group theory (47, 83). I't isshown that the

total spin quantum Ir may assume the nonnegative
values

(34)

=t _.n_, {0forneven
Ir=%3-L3~2 21/2 for n odd 35)
TABLE 2
Product functions for three nuclei with spin 1/2

Spin Function m = m1 4+ mz + ma | Abbreviation
BOOE. + oottt an e 3/2 uy
BAB . oo e 1/2 u2
L T N 1/2 us
. 7 1/2 U
ABB. e —-1/2 us
BaB. . . e -1/2 us
BBa. .o e —1/2 uz
BBB.. e e —-3/2 us
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4 + ! 9
% I 8

3+ I 7 35

IT

% | f 6 27

2 l 5 20 75
% l 4 14 48

I I 3 9 28 90
bt | 2 5 14 a2

{2 ——{4——2

I 2 3 a 5 6 7 8 9 I0

n

Fia. 1, Total spin quantum numbers and their statistical weighta for » equivalent spin 1/2 nuclei.

For n = 3, Ir = 3/2, 1/2. Now the statistical weights
grr for spin functions with given Ir are not always
unity except for I'r = n/2 (see tables 3, 4, and 5). In
this case it is clear that I,(max.) = n/2 and this occurs
only when all spins are up; hence

grr=3 =1

If Ir # n/2, the gr, may be different from unity. Con-
sider the case when n = 3. From equation 31 the total
number of spin states is 2% = 8. Therefore

2.2 + 1 )gua + (22 +1)gin = 8
(25 +1)on + (23

and since g2 = 1, g2 = 2. Thus, four of the eight
spin functions correspond to Ir = 3/2 and the remain-
ing four functions can be divided into two sets each
corresponding to Ir = 1/2. Similarly, one can show that
forn = 2 there are three spin functions for which I = 1
and one for Ir = 0.

These results can be extended by adding 3=1/2 (for
each additional spin) to the total spin quantum numbers
already obtained and remembering that Ir > 0. In this
way one can construct the branching diagram (46)
shown in figure 1. The circled numbers give the statis-
tical weights of the states with various values of I7. For
n = 6,Ir = 3, 2,1, 0 with the statistical weights 1, 5, 9,
and 5, respectively. In general, the statistical weights
for total spin quantum number

In=35—k
are
rp = gp 4 = '('—,!‘(—"_—_72——% (36)
where
. 0,1,-++--- % for n even
- 0,1,+¢--:: nglfornodd
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TABLE 3
Spin eigenfunciions of I3 and I, for two spin 1/2 nuclel
Spin Function Iy m C3 Symmetry

Qe ioessosunnsaresnsssasssnsesss 1 1 a
(B F Ba)esrreeriinriniarnarais 1 0
V2 ¢
T 1 -1 e
D= (7 B - ') [ 0 0 ®
V3

The spin functions for n = 2, 3, and 4 expressed as
linear combinations of simple product functions are
given in tables 3, 4, and 5.

B. FORMULATION OF THE QUANTUM-MECHANICAL
PROBLEM

1. The Hamiltonian operator

Consider a molecule containing » nuclei with mag-
petic moments u; = v;hl; in a magnetic field H,. The
actual field at a given nucleus is altered owing to intra-
molecular magnetic effects and intermolecular inter-
actions. Assuming that all these shielding effects are
described by a scalar shielding constant, the field at
nucleus j can be expressed as

H;= (1 —e)H 37)
The interaction energy of nucleus j with the field H; is
obtained from the classical energy (59)

= —pH=vh(l ~—e)I;H,

38
= -—hﬁ)i'l,’ ( )

where o; = v;(1 — o;)Ho is a vector parallel to H,
whose magnitude represents the Larmor frequency in
the absence of spin-spin couplings. If nucleus j is
indirectly coupled to the remaining nuclei there is, in
addition, the spin-spin energy

—Eb Kpujoue = —th JaliTe (39)

The total energy for nucleus j is the sum of equations
38 and 39

-h %m,ﬂl; + 2 Jiklf'll%

and the Hamiltonian operator, 3¢, for the entire spin
system is obtained upon summing over j:

= —b{SlesL + 3030 Tt (40)

It is to be noted that |w;| and J s are in angular units
and it is convenient to have the energies associated with
3C in these units also. This is easily done by choosing h

for the unit of angular momentum as in the commuta-
tion rules (equations 2 in Section IT,A 1), Further, the
applied field H, is usually taken to lie along the z-axis
of a laboratory coérdinate system

H,= Hk (41)
and defining
Joi| = oy (42)

the time-independent Hamiltonian operator becomes

= - {; wile; + Z\,_,<; Jfklf'lkg 43)

Equation 43 gives the Hamiltonian operator appro-
priate to the problem of determining the stationary
states of a given spin system; i.e., a set of NV spin fune-
tions, ¥;, which are eigenfunctions of 3¢:

Xy;j=Q¥; j=1,2,.--N (44)

(N is the total number of spin states and is deter-
mined by equation 31 in Section II,A,2)) Let w;
(j=1,2 -+ N) be a set of zero-order initial spin
functions. The u, need not necessarily be pure product
functions but they shall be required to be an ortho-
normal set which are eigenfunctions of I,. Since the u;
form a basis, the y; are expressible as linear combina-
tions of these functions.

Yi= ; Qr Uk (45)
Operating on ¢; with 3¢ and using equation 44 yields:
};,aki(.’!c —Q)ur =0 (46)
TABLE 4
Spin eigenfunciions of I? and I, for three spin 1/2 nucles
Spin Function Ir m Ds Symmetry
O vennrsnnerresseseseennnnnns 3/2 3/2 a1
1
——(aaf + afa + Bax) s ieeneia 8/2 1/2 @
V3 '
1
\—/-';(ﬂﬁa +Baf +apf)eeieiann.. 3/2 —-1/2 a1
BBB. . nnnnnnneriineeieaeas 3/2 -3/2 a
—\17-8(aaﬂ + afa — 26a@).eiie i, 1/2 1/2 g
1
— (88 + BaB — 2aBB)....rn.. 1/2 —-1/2
Ve :
'I—(aaﬁ - afa) 1/2 1/2 3
o e s
1
——=(B8x — BaB).ieiiiiiiraaannnn 1/2 -1/2
Vi / / 8
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TABLE 5
Spin eigenfunctions of It and I, for four spin 1/2 nuclei
8pin Function Ip m D¢ Symmetry

QEOEOLOE s v ¢ e s a6 e n oo st aaoonsevesassntaessnetnsosesnnsescossonosiossassatossvostsassesossnsss 2 2 3}
$aoaB 4 aaBa + aBad = BAAE) vetteii ittt et ir e asee s res 2 1 @

1
%(aaﬁﬂ + Baaf + affa +BBac F aBaB - BaBa) ..ttt ar i eereraseetiareres 2 0 @
3(885c - BBAB + BaBB - @BBB) v rerner vt arteenteriae e e et aan ettt aaaras 2 -1 @
T 2 -2 a

! (aaBf -+ Baaf + affa + fac = 2aBaf — 2BaBa).viicv v vt iiiiiseiiiiitiiiienas 0 0 a1
V12
$(aaBB —~ BaaB — aBBa - BBAX). « -t a ittt e s e s b ] 0 @1
HaaaB — aaBa + aBaa — BAEA) . .vvv et st ae e tasarrates 1 1 ®3

1
Vé(aﬁaﬁ O ) 1 0 ®a
3(BBBa ~ BBaB £ BaBB — BBB) -+ vveeeeuatanat are ettt e e et e e 1 -1 ®a

1 (aaaf — afac) 1 1 s
mmmed €7 s 1o B 1e T T+ 3 R R N N I T R A N R I
V2
o (@@BB = BB+ttt a e et ae et ee e et e s e s e 1 0 &
Ve o
B (1) 7T ) S 1 -1 8
V2
B T Y VT PN 1 1 8
V2
B . 1 Y PP 1 0 s
12
By L1 - - 1 ) g I S 1 -1 s
V2

Now the result of operating on u; with 3C can always be
expanded in terms of the orthonormal set {u.}; that is,

up = > Kostir 47)

where 3 = <u.|3|ux>. Substituting equation 47
into 46 and taking the scalar product with u, gives,
since the u; are orthonormal,

;aki(acrk — Q) =0 k=1,2---N) (48)

The N homogeneous equations for the ax; have a non-
trivial solution if and only if the determinant of the
coeflicients vanishes.

det |3 — Q6] = 0 | (49)

Equation 49 is an algebraic equation of the Nt degree
for the N characteristic roots ©,. Substituting any one
of these, say @, into equation 48 leads to a set of
equations for the ax;. However, only N — 1 of these

equations are linearly independent, so that one requires
one more condition upon the a;. This condition is
obtained by imposing the normalization requirements
on the ¢;. From equation 45 this requires that4

e =1 (50)

Repetition of this procedure gives the set y; and the
corresponding eigenvalues Q,.

2. Some theorems on the matrixz elements of
the Hamiltonian

The determination of the eigenvalues and eigenfunc-
tions of C requires the evaluation of the matrix elements

4 Note that neglecting arbitrary phase factors of unit modulus,
the coefficient matrix (a;;) is orthogonal and the Hamiltonian
matrix real symmetric, 3¢;; = JC;. These are special cases of the
more general unitary and Hermitian matrices for (a:;) and 3¢,
respectively.
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of 3¢ relative to some set of zero-order spin functions.
The total number of matrix elements is

" 2
N = {I‘I @I + 1)}
=1

which can be rather large even for small ». (If all
I; =1/2, N? = 2») Many of these matrix elements
are zero, and useful relations can be established among
the nonzero elements.

From the commutation rules it is readily demon-
strated that

I, = E I
commutes with JC:

[I,3] =0 (51)
This fact allows the use of an important theorem on the
matrix elements of commuting operators (23). Suppose

A and B commute and ¢; and ¢ are eigenfunctions of A
with the eigenvalues a; and a;; then,

(Vi ABYs) = (¢, BAy:) = ar(¥), BY) (52)
If A is Hermitian,
(¥5 ABy:) = (Ayy, Bés) = a;(¥;, Bés) (63)
Equating equations 52 and 53 leads to
(ax — a) (s, Bér) = 0 (54)
Therefore if ax # a;,
Vi, Byx) =0 (55)

If the set of zero-order spin functions are taken to be
eigenfunctions of I,, then equation 55 (with B = i)
shows that the matrix elements of 3C are zero unless
¥; and ¥ have the same m-value. For the case of all
I; = 1/2, the number of spin functions with a specified
value of m is given by the binomial coefficients n and the
secular determinant factors accordingly. For example,
with a three-spin system the secular equation factors
into four subdeterminants of orders 1 X 1, 3 X 3,
3X3,and1 X 1.

The relations between the nonzero matrix elements
(18) are easily established by use of an operator, 2;, for
each individual spin function with the property

l.‘@l“ my = ‘I)I“—m‘ (56)

By the definition of X it follows that a3 = 1 (the unit
operator) and from the commutation rules that

Al + I3 =0 (57)
i, Lil =0 (58)
2, Il =0 (59)
P, I}]=0 (60)

For the complete spin system one employs the operator

A= ﬁ ¥ (61)

with properties analogous to those of the A;. For the
Hamiltonian operator note that the first term

2wl =A (62)

contributes only to the diagonal elements, while the
coupling term

~23 2 nlpli=B 3)
H

contributes to diagonal and off-diagonal elements. The
diagonal elements of 3¢ corresponding to the I, = m
states may therefore be written as

<@(m)|c|em)> = <e(m)|A|2(m)> + <2(m)|B|2(m)>

The off-diagonal elements coming only from the second
term are of the form

<®(m')|B|®(m)> = bn'm (65)

Now the operator A commutes with the coupling oper-
ator B

B,A]=0 (66)
and anticommutes with A,

AA +AA=0 (67)
From equations 66 and 67 A and B may be expressed as

B = ABA (68)
A= —AAA (69)

Substituting these expressions into equations 64 and 65
and noting that A is Hermitian, one obtains

<P (~m)|H]B(~m)> = bu'm (71)

Therefore, if the matrix elements of 3C are calculated
with respect to the states with I, = m, equations 70
and 71 give the matrix elements for I, = —m. In the
case m = 0 there are two possibilities: (1) A permutes
the several ®(0) and the diagonal elements are related
by equations 64 and 70; (2) A does not permute the
&(0) and aq = 0. Then the diagonal elements are just
boo (18). In general there will be a combination of these
possibilities for m = 0.

The above theorems are general and hold for any set
of spin functions which are eigenfunctions of I,. The
following results are restricted to the product represen-
tation and must be appropriately modified for more
general spin functions. The derivation of the matrix
elements in the product scheme (5) is facilitated by
introducing the identity

k= Ll + 3130 + ;1) (72)
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into the Hamiltonian operator;

’ = — ;20,-1.; +$<2 Ialsila
1
335 TG + o) @3
In the product representation, the spin functions have

the form

B( -« Img -+ - 3m) =] ] @152 ms 8)

§=1
The diagonal matrix elements are given by
sm)lc|e(- - - Imj - - - ;m)>

= —{Sem + 3 T Jamm}  @5)

and the off-diagonal elements are
<®(---Imy+1:--Imy—1--- ;m)l&l@(. coImge .

<@(. ceImj- -

The complete time-dependent Hamiltonian is

() = — {Z.‘, wilag + 35 33 Taliks

+ 32 1 (Lus 008 ot — Lyssin wl)} (82)

and satisfies the time-dependent Schrodinger equation.
2w = %O¥0 (83)

¥(¢) here represents a stale vector; i.e., the components
cu(t) of ¥(t) are the probability amplitudes for the
stationary states of the time-independent Hamiltonian.
The solution of equation 83 is facilitated by the sub-
stitution

¥(8) = et (1) (84)

Iemg - - - ;m)>

= —%Jn{(I, —m) (L + m) (I +my + 1)(In —ma + 1) 12 (76)

In the special case where all I; = 1/2, equations 75
and 76 become (53)

<ele|®> = —3{52 8m +3 35 T Talal @D

<¥|®|e> = —%.r,w (8)

where S; = +1 accordingly asspinjisaor 8, T'n = =1
accordingly as spin j and k are parallel or antiparallel,
and U = 1if & and ¢’ differ by an interchange of spins
7 and k, and is zero otherwise.

In the following sections, the matrix elements of 3¢
will be computed for a variety of spin systems and the
validity of the above formulae should be checked in
detail, since they are of great value in expediting the
calculations.

3. Transtiion probabilities

Once the eigenvalues and eigenfunctions of the

Hamiltonian operator have been determined, there

remains only the problem of calculating the probabilities
of the transitions induced by the radiofrequency field

H! = 2H, cos wt (79)

It is convenient to decompose H. into two contra-
rotating components confined to the zy-plane. For posi-
tive v;, only the component rotating in the negative
sense is effective for resonance, and its z, y-components
are

H,= H;eosut

. (80)
Hy, = —H, sin wi,
The interaction of the nuclei with this field is
5= —E.Dv.ﬂlilﬁeom — I sin ot} (81)

Shielding effects need not be considered here, since
H; < H, in high-resolution experiments.

which represents a transformation to a coérdinate sys-
tem rotating about the z-axis (71, 79, 85). ¥,(¢) satisfies
an equation of Hamiltonian form:

i ‘;_‘ ¥, () = {eOorte()elt + wl,}¥,(2) (85)

In carrying out the transformation of J¢(f), it is helpful
to note that I,; commutes with I, and that scalar
products are invariant under rotations. Thus the first
and second terms of equation 82 are unaltered by the
transformation. The transformation of the remaining
terms (85) is determined by equations 86:

et [ oilmt = [, cos wt + I, sin wi
w y 810 } (@6)

eIt eilut = — ], sin wi + I, cos ot
Carrying out the calculations gives:

P ilat AL
= — {Z_‘, wilei ; Jaljle + 2 ’YleIﬁ;‘ (87)

The time-dependent equation for ¥,(¢) is, therefore,

i%w,(t) = - {Z) (wj — ) + ZLZ_‘., Jalik
S+ Ll 6
For convenience one writes equation 88 as
200 = ~la + 8100 (89)
with
6= Z_‘. vl (90)
The eigenfunctions of @ are identical with the eigen-

functions Y= of equation 43 in Section II, and the eigen-
values of a are just Q. -+ M.
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" Now « and 8 are independent of the time, so the
solution of equation 89 in operator form is

@, () = efatDig,(0) (91)

and, since ¥(0) = ¥,(0),

W (1) = ellsuigiatiiy (0) (92)

If at £t =0, {cw|2 =1 and ¢,r = 0 for m'  m, then
¥(0) = Ym and

T (1) = etlwigiatiy,, (93)

The probability that the system is in the state Ym: at
time £ is
Po' (1) = | (¥’ T () |* = | <yu’|e'lavtei@tdit| g, > |2
=| <¢um’|ef@P|yp> |2 (94)

The last step follows from the fact that the ¥, are eigen-
functions of e~t. The term e'@t cannot be further
simplified, since ¢ and 8 do not commute. In a represen-
tation which diagonalizes e the exponential may be
easily expanded to yield:

e\’a_ —_ e\'a,,.r
, Bm'm
Om — Qm

+$ Bom'ifBim. ge“’h—e‘%_’_e‘ﬂn—e"ﬂ-'% ...

ar — am { ar — am’ am' — om

[ei(etBr ] pry = elomrBryyy -

(95)
Retaining only terms of the first order in 8;;, the abso-
lute square of equation 95 gives

— ¢08 [@m’ — On + w(m’ — m)]t}
[On' = OQm + (M — m)w]

Pome(t) = 21 [Ba'ml?  (96)

From equation 96 it follows that P, . will be zero
unless m’ = m + 1 (¢f. equations 14 and 15 in Section
II). For absorption the selection ruleism’ = m — 1and

{1 — cos (Q@m_1 — OQm — w)t}
Q-1 — Om — w)?

It is noted further that Pp-.,—; will be large for
© = Qn_1 — Qm (98)

Pnum-l(t) = 2 Igm—l.ml’ (97)

which is just the Bohr frequency rule in the system of
units with b = 1. Integrating equation 97 over a range
of 1f frequencies one finds that the transition probability
(24) is proportional to

[Bm-rm|? = | <¢m-1|21: Vi1 Lei| ¥m> |2
Since the line intensities of nuclei with different v; are
not ordinarily compared, there is no loss of generality

in assuming all y; = 7. The relative intensities are then
just proportional to

(rH)Y <¥m-1| L | ¥m> 1

The fact that transition probabilities are proportional
to the matrix elements of I, stems from the assumption

that H; lies along the z-axis in the rotating frame. If H,
were taken along the y-axis, I, would replace I.. Hence
the transition probabilities are also proportional to the
absolute square of the matrix elements of I-. Thus
first-order time-dependent perturbation theory yields
the selection rule

(100)

and relative intensities proportional to any of the
following matrix elements:

| <m — 1|I,|m>l’}

j<m —1|Iy|m>|?
j<m — 1{I-|m>|*

(101)

III. THE ANALYSIS OF SOME SIMPLE SYSTEMS

A. THE TWO-SPIN SYSTEM AB

The simplest system that can be studied is one with
two spin 1/2 nuclei 4 and B, having resonance frequen-
cies ws and wp and coupling constant Jap = Jps =J
(5, 10, 11, 39). For this case the Hamiltonian operator is

= — {oalas +anlos + I ados + 30035 + IIH} (1)

For a basis it is convenient to use the product functions
aa, aff, B, and BB, whose m-~values are 1, 0, 0, and —1,
respectively. Operating on these spin functions with 3¢
gives:

= —-% w4 + wp +%J£aa @
Seap = ——;-gm —wp - %J}aﬂ — 3J8a @
K = —%{ —w4 + wp — %J}Ba - %Jaﬂ 4)
sg8 = —%{ —wa — wp + %J}sﬁ ®)

Equations 2 and 5 show that aa and 88 are eigenfunc-
tions of 3¢, while equations 3 and 4 show that o8 and
Bo are mixed by the spin coupling. This mixing is in
agreement with the considerations of Section II,B,
which showed that the secular equation is of order 2»
but factors according to the binomial coefficients of
n (1:2:1 in this case). The 2 X 2 determinant is

<afllap> — 2 <paliClaf>

=0 (6)
<af|3|Ba> <Bx|¥|Ba> — Q

where
<Bal®|as> = <aB|R|fa> = ~3J
<aB|R|a8> = —%aau — wp — %J;

<Ba|3|pa> = -—%%—04 + wp — %J}
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Equation 6 is readily solved to give the eigenvalues

o= 3{37 - VI T 7} @
Q= %i%J + & + .n} ®8)

with
= w4 — wp 9

It can be assumed without loss of generality that
8 > 0. The eigenvalues @, and Qs have the properties

Qs — <aB|5C|aﬁ>}
as J -0
Q; = <Ba|3|Ba>

The eigenfunctions corresponding to these eigen-
values are obtained by use of the equations

a;{ <aBliC|af> — Q;} +bi<Ba||af> =0 10)
g;<af|i]fa> + bi{ <Bal¥|Ba> —Q;} =0  (11)

where a; and b; are, respectively, the coefficients of o8
and Ba in the mixed spin functions. Equations 10 and 11
are not independent, but either of these together with
the normalization conditions

@+b=1 a2)

is sufficient to determine the a; and b;. The quadratic
nature of equation 12 leads to several choices of sign,
but the eigenfunctions thus obtained differ only by a
factor of ~1 so that no physical significance is to be
attached to the various possibilities. Upon substituting
the appropriate matrix elements and eigenvalues one
obtains

1
—_—— 1
2 o {aB + QBa} (13)
1
S — 1
¥s T o {QaB — Ba} (14)
which have the eigenvalues Q; and Q3, respectively, and
— _—————-——J
MRV (%)

All of the eigenvalues and eigenfunctions are given in
table 6.
To determine the transition probabilities the nonzero

TABLE 6
Eigenvalues and eigenfunctions for the two-spin system
Eigenfunction Eigenvalue
B essinonoanisonsassssraserascansansnea —%(wA + wB) -~ %J
1
faB +QBa}..ccoveiiriinnnnnn.. 337 -V 473}
Vi+a@
1
[QaB —Ba) ..o vviiiiinnnn.... 3+ Ve 0}
Vi+@
T R P $wa +o8) =17

matrix elements of I- = I 4 I; with respect to the
eigenfunctions of 3¢ are required. Operating with I~ on
the eigenfunctions yields

I"aa = af + Ba
= 1 _
Vit @ {Q 4+ Qs + (@ — 1)} (16)

g =
_1+9

I¥ = ﬁ (Q88 — BB}
_@-1
I8 =0 (19)

From equations 16, 17, and 18 the transition probabili-
ties are:

| <Vl E-faw> |2 = EEE @)
|<tall-laa> |t = G2 (21)
| <88 I-|¥s>|2 = (i ig? (22)
| <g811-]s> |2 = & T gz' (23)
By some elementary algebra one can show that
%—jj—gz—' =1 \/_J_’——J=w 4)

The resonance frequencies corresponding to the above
transitions are given by the Bohr formula:

Qi = Q5 — U (25)

These frequencies are given in table 7 along with rela-
tive line intensities (transition probabilities). The nota-~
tion used for the transitions will be explained in
Section IV.

From table 7 it is evident that the spectrum consists
of four lines and is symmetrical with respect to the fre-
quency 3 (w4 + g). Theoretical spectra for several J /8
ratios are shown in figure 2 with }(ws4 + wz) as the
frequency origin. Figure 2a represents the case J/8 = 0,
which occurs when J = 0 or as § — «. Only two lines
are observed in this case, since the nuclei may “flip”
independently (there is negligible coupling). A flip of
nucleus A corresponds to absorption at w4 and similarly
at wp for B flips; the frequency separation is just
wa — wpg = 0. Figure 2b illustrates the ‘‘first-order”
case; that is, the off-diagonal elements of equation 6 are
small compared to 8. The separations of the low- and
high-frequency doublets are J (which is true for any J /5
ratio) and

=28+ 8
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where S; and S; are the frequency separations of the
extreme and central resonances. In figure 2¢, J/6 = 1
and the central resonances are of greater intensity than
the extreme resonances. The coupling constant may be
determined as in the first-order case, while & is now ob-

tained as the geomeiric mean of S; and S,. When
J/6>> 1 (figure 2d) the extreme resonances are very
weak (relative intensities ~ 0) and are at

1 1 &
_:l:E(J'+§-7)

TABLE 7*
Resonance frequencies and relative intensities for the two-spin system
Transition in the Limit J — 0 Relative Intensity Frequency

J

A1/2,1/3B1/3,1/8 = A12,1/8B1/2,1/81 e e vt eeret s itaeraeratstaiatre et enteareaerseraanres 1-2 Hus +ws +7 + B}
J

PO RY Y. T WL LT WYY T T, T 1+ 7 ${ws + w2 ~7 + R}
J

A173,172B173,3/8 5 A1f3,173B1,3,21/8 1 et et et ettt eeae et et asestaasetnaraannnns 1+ z Hous + o8 +J - B}
J

A1/2,-1/3B1/3,1/28 =% A1/3, /2B, 1/, s eeeeee ettt eee e et etaserastantesassansnn 1- 2 ${as +ws —J - B}

*1n this table B = /8 4 J3.
&) J=0
-6 [ T
o T 1T
] o 16
@Wa=8
f—J —s]
| | |
-46 18
@ v>»8
[
® 8=0
o

F1a. 2. Theoretical spectra for the two-spin system for various
values of the J/5 ratio.

The central resonances are “peaked”” towards the origin
and have & residual splitting of order §2/2J. The case
J/6 = o (figure 2¢), which occurs when 6 = 0 or as
J — «, leads to a single-line spectrum.

Zeeman energy-level diagrams corresponding to the
spectra depicted in figure 2 are shown in figure 3. The
separation of the extreme levels is actually much greater
than that shown and is reduced only to facilitate the
drawing. It should be noted that although there are
four distinct energy levels, only three of these partici-
pate in the resonance in the case 8 = 0 (orJ — ). The
spin functions for these levels are

[
1
V2 (a8 + Ba) (26)
B8

These functions make up the so-called “triplet state”
(parallel spins), since they behave under the various
spin operators like a single nucleus of spin 1 (83). The
state which does not participate in the resonance as
8 — 0 is described by the singlet state (antiparallel
spins)

1
ﬁ(aﬂ — Ba) 27

and corresponds to zero spin. The proof of the fact that
transitions to and from the singlet state are forbidden
when § = 0 orJ = « is based upon the different sym-
metries of the singlet and triplet states under the oper-
ation P which interchanges spins A and B. Let ¥s
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denote any of the triplet-state functions and ¢4 the
singlet state; then

Pyg = ¢g (28)
Pys= —y¢a (29)

Thus the singlet state is described by an antisymmetric
spin function and the triplet state by symmetric func-
tions. Suppose now that a transition ¢4 —¢g is
possible; then the line intensity will be proportional to
the absolute square of

<¥a|I"|¥s> (30)
Now I~ = IT7 4 I; commutes with P
PI-=1P (31)

80 that
<Va|PI"|¥s> = <¢alI"P|¥s>
= <gal|I"|¢¥s> (32)
and since P is Hermitian,
<Ya|PI"[ys> = <Pya|l-[¢s>

= —<ypa|I"|¢¥s> (33)
From equations 32 and 33 it follows that
<valI"|¢¥s> =0 (34)

When é > 0 all four levels participate in the resonance
because the spin functions are no longer purely sym-
metric or antisymmetric.

The experimental spectrum of the protons in 2,3-di-
bromothiophene (19b) is shown in figure 4. The theo-
retical spectrum for J/8 = 0.319 is added for com-
parison. From the line spacings in the experimental
trace the chemical shift and spin-spin coupling constant
are determined to be

% = 18.5 £ 0.1 ¢.p.s. (c.p.s. == gec.”1)
J _
o 59 % 0.1 c.p.s.

Although the bromine nuclei have magnetic moments
which could result in spin-spin multiplets, their quad-
rupole moments preclude the observation of additional
fine structure (37).

B. A THREE-SPIN SYSTEM, A,B

A three-spin system that frequently occurs in practice
consists of two nuclei with identical Larmor frequencies,
which are equally coupled to a third chemically shifted
nucleus (5, 10, 11, 20, 39). An example of such a system
is the substituted allene HAC=CHZ2X. It is assumed
that the substituent X has negligible interactions with
the H4 and H? protons and that the equilibrium con-
figuration of the molecule has a plane of symmetry
passing through the carbon chain and perpendicular to
the plane of the H4 nuclei. This spin system is actually

®WJ=0 Moxs [CXEX] @ s»e (MWs=0

Py

3
"
o

matl

—_

F1c. 3. Zeeman energy-level diagrams (schematic) for the
theoretical spectra of figure 2. The more intense transitions are
indicated with a solid line and the weaker transitions with a
dashed line.

more general than presently indicated, as will be seen
in Section IV,
From the assumed symmetry it follows that

w1 = we = wy (35)
JiB=Jl =J (36)
Ji=JAmJ @7

.where the subscripts 1 and 2 refer to the two A-type

nuclei and the subscript 3 to the nucleus B. The
Hamiltonian for this system is

%= ~Jwalla + La) +oala + I (L + L)L + Il
+ SIIAF + DT + U7 + I
+ 3l W+ I} 68)
= 5.9%0.lcps

H Br 2"5.
H][ j[ar 5 .
8 5% = 18.520.1¢ps

THEORETICAL SPECTRUM FOR & = 0.319

Fia. 4. Experimental and theoretical spectra of the protons in
2, 3-dibromothiophene. The experimental trace is that of the pure
liquid as observed at room temperature and 60 Mec./sec.
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For zero-order spin functions the product functions
given in table 2 may be used. However, since the
molecule possesses a plane of symmetry, there are
definite advantages if the initial spin functions reflect
this symmetry. Since reflection in the plane of sym-
metry interchanges the A spins, the correct functions
are eigenfunctions of the operator P; that i,

Py=cy

If ¢ is normalized, then (¢, ¥) = 1 and (Py, Py) =
W, ¥) =1 = (¥, &¥) = ¢? sothat ¢ = £1. Thus spin
functions with the proper symmetry are symmetric or
antisymmetric under the operation P. To determine
these functions operate on the product functions in
table 2 with P: -

Puy = uy (39)
Puy = uy (40)
Py, = u, (41)
Puy = u, (42)
Pus = ug (43)
Pug = us (44)
Pup = uq (45)
Pus = us (46)

Equations 39, 40, 45, and 46 show that u,, us, w7, and us
are symmetric functions, while equations 41, 42, 43, and
44 show that us, us, us, and us do not possess definite
symmetry under the operation P. However, if equations
41 and 42 are added and subtracted, it is found that the
functions

L

V2

(us == ue) (47)

(the factor 2~V is for normalization) are symmetric (+)
and antisymmetric (—) with respect to P. Similarly,
equations 43 and 44 provide the pair

5l =) (48)
These are eight linearly independent spin functions of
the required symmetry which can, therefore, be used
as a basis. These functions are tabulated in table 8. It
is of importance to note that the functions in table 8
consist of all possible products (i.e., the direct product)
of the functions « and B8 for spin B with the singlet and
triplet state spin functions (cf. table 3) for the A spins.
The abbreviations for the spin functions have the
general form A1 maBrs,mp, Where 14, I5, ma, and mp are
the total spins and z-components of angular momenta
for the A and B nuclei, respectively. Since there are two
spins of type A and one of type B, this system is
conveniently abbreviated as 4.B (11).

TABLE 8
Symmetrized spin functions for the A:B spin system
Spin Function m C3 Symmetry Notation
L 3/2 Q A1,1B1/2,1/2
[ 1/2 <] A11Bia, 3
1
;/—2.(01&: +Bax)esiiiiias 1/2 €] Ay,0Bi,112
1
\75(0156 FBAB) airnnnn -~1/2 Q A1,0B1/2,-1/2
BBa. it iiiiiiiiiniens -1/2 e Ay,-1Bia,1/2
- - -3/2 <] Ay,.1B1p3,-1/3
1
75(0:6« —Baa)...iiiin. 1/2 ® Ao, 0B1/2.1/2
1
-\—/—E(aﬁﬁ —Baf)iiiiiin.. -1/2 ® Ao,0B1/2,-1/2

Operating on these spin functions with 3¢ gives:

3411 B = —%;%A +ws+J + %J,%AI.IBIH'!/! (49)

HA11Big-1e = —%g%u —wp —J + %J,%AI.IB!/Z.—IIZ

- %—5 JA1nBusas  (50)
1 1.,
3CA1,0B1218 = —3}vs +'2'J AyoBuyzs
2
- —\-g—— JA11Bys,cie (51)

1
JCA41,0B1a, 11 = —%3 -—wg + EJ,% AsvoBye,-1re

- _\;_2_ JAaBusar  (52)

1
HAy,_1Buzan = —53 —2w1+wp—J + %J’$Al'-131/2'1l2
2
- -—\g— JAoBus-12  (63)

1 1
3Ay,_1Brrg-12 = "53—2@4 —wp+J +§J'§A1._1Bx/z._1/2 (64)
1 3.,
HA10Brze= — E%ws - '2‘J ;AI.OBIILIIZ (55)
1 3
3CA 0. Bus,—12 = —-2-% —wp — "2‘J %Al.oBm,-m ‘ (56)

Equations 49, 54, 55, and 56 show that
A11Bus sy An1Bys-us, AnoBisza, and AwoBiz,-1n

are eigenfunctions of 3¢, while equations 50 through 53
show that the remaining submatrices of 3C are 2 X 2,
so that only quadratic equations are involved in the
determination of the remaining eigenvalues and eigen-
functions. The calculations are identical with those
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TABLE 9
Eigenvalues and eigenfunctions for the A,B spin system
Eigenfunction C3 Symmetry Eigenvalue

R TR F 1Y 0T 7 TS e —3{2ws +wB +J +3J7}

: [A11B1/3,21/2 + QA1,0B1/3,3/2) vt v ettt eir ettt ser et a 4{—ws + 30 ~J) - R}
Viio

L {QA1,1B1/2,21/2 — A1,0B1/2,1/3) ceviiii it i e i s a ${-ws +30 -9 + R}
Viie
m{m._mm,m e QALOBIB A} e eee et e e Hos + 30 =0 + R}
m{qm,_mm,m F AL,0BU2,m1/8) 1 ere et e a ${ws + 30 =) ~ R}
Y - Y a ${20a +ws -7 — 377}
A0,0B1/8,1/8 vt eue ettt ae e aae e a et e ettt e s e et st a e 3{ —ws + 37}
- 27 TV T 3{ws + 377}

of Section III,A and the results are given in table 9,
where

B =+ —&J +9JY/4 (87)

R/ = /8 4 5J + 9J%/4 (58)

e=—21 (59)
] —'2-J+R

o=—2L— (60)
5+30 + R

If the simple product functions had been used as a
basis, the Hamiltonian matrix would have factored
according to the binomial coefficients of 3; that is,
1:3:3:1. The two cubic equations could have been
easily factored into pairs of linear and quadratic equa-
tions. In more complicated cases the factoring would
not be so obvious. However, if spin functions of the
proper symmetry are used, the factoring comes about
automatically as in the present case. This is not the only
advantage for, as table 9 shows, the symmetry prop-
erties are not destroyed by the perturbative effects of
the spin couplings. This is to be contrasted with the
case of the two-spin system where (excepting the
limiting cases 6 = 0 or J = «) the symmetry prop-
erties of the singlet and triplet states are destroyed by
the spin coupling. Since symmetry is preserved in this
case, it follows from the discussion in Section ITI,A that
transitions between states of different symmetry are
forbidden. Only one antisymmetric transition is
possible:

Ar,o0By2iass = AnoBys,-1

The intensity of this transition is proportional to the
absolute square of

<AunoBus-1n|I7|AnoBian>

where I- = Iy + I; 4 I;. The matrix element is
evaluated as in Section III,A with the result

| <AnoBus,~uz| I7|AneBuyzan>2 =1

The frequency corresponding to this transition is
%gwx +%J'% - %g —wp + g-f’g = wp

Thus the antisymmetric transition is of unit intensity
and results in a resonance undeviated by the coupling.
Upon carrying out the calculations of line intensities
and frequencies as before, one obtains the results given
in table 10. In this table, wz has been taken as a new
frequency origin, so that ws = 8. The transitions de-
noted as ‘“‘group A’ are such that the associated fre-
quencies — w4 asJ — 0; similarly, “group B’ transitions
— wp = 0 as J — 0. The remaining transition is an
entirely different species, as its resonance frequency
— 26 as J — 0 and corresponds, in this limit, to a
simultaneous flip of three spins: aaf — BBa. Since this
transition involves flips of both A and B spins it is
often called a ‘“‘combination” or “forbidden” (because
of its very low intensity) transition. The term ‘‘mixed”
transition is used here, since it avoids complications in
a notational scheme to be introduced later. An addi-
tional point of interest in table 10 is the fact that the
resonance frequencies and line intensities are inde-
pendent of the coupling constant J’. This result is not
peculiar to the particular system considered but is in
fact a general theorem for a number of spin systems.
The proof of this theorem and a discussion of the sys-
tems for which it applies are given in the following
section.

Theoretical spectra are given in figures 5, 6, and 7 for
a number of J/8 ratios. The mixed transition is not
shown in any of the figures, since its intensity is quite
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TABLE 10
Resonance frequencies and relative intensilies for the AsB spin system
Transition in the Limit J — 0 Intensity Frequency
Transitions in group 4
1o A11B1/23,1/3 = A1,0B1/2,1/2. s e teeee ittt ettt ettt raaaes SQI_T\Q’E): 36+ +R)
20 A1,0B1/2,-1/8 = A1 c1BL3,c1/Be o i e iee it aee s aas .(.Q_'l;*'_.i_%@ -V +R)
8. A13By2,c1/3 = A1L0B1/2,m1/3u ettt W s +3R - R)
- -1 28
4. A1,0BUs0/3 = A1, 1B1/3/20 et e e ee e aas % 5+3(R —R)
Transitions in group B
6. A1,3B1/23,1/3 = A1aB1/8,c1/8. 1 e it i enet it iat it ittt e e e ean (_\/1_2_%__%.21_)’ $6+37 -B)
- )3
6. A1,-1B1/2,1/8 = A1,c1B1/2,1/8. 0 oo e i i e i e e et et eteterranaaes (11—+‘/gg_). 3 - ~RB)
T A0,0B1/2,1/3 = A0,0B1/8,21/2. e ettt e et i i it e et aee e e benans [—?T/_m—ﬁ'!’]; §—HR +R)
8. A0,0B1/2,1/3 = A0,0B1/3,-1/84 ¢ vttt it e i i st e e 1 0
Mixed transition
0. AtaBi/2,1/2 = AL, dBU2a/2e oo e e [Q(?l/i-@o)l()l '_'*_B/Z_)Qq’ §+ 3R+ R)
(e) =0

0 s
() & =o0.08
N
0 s
(©) asl = 0,15
! { |
° s

Fic. 5. Theoretical spectra for the A,B spin system under conditions of weak coupling.

low (cf. the numerical data in the Appendix). The 4
transitions ocecur at the right in each drawing. The
correspondence between the transitions shown in the
figures and those in table 10 can be easily made by
reference to the Appendix. It is interesting to note the
symmetrical spectrum that results when J — « while
6 is small but not zero (figure 7c). The lines of the

triplet fall at 0, §8, and 4. If § = 0, the spectrum con-
sists of a single line. For any J/& ratio, the chemical
shift is the mean of transitions 3 and 4 in table 10. The
coupling constant may then be determined from any of
several frequency differences derived from table 10.
The experimental and theoretical spectra of the
—CH,0H protons in benzyl alcohol (20) are shown in
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@) ‘s"‘ = 0,28

)
() -g = 0.50
1 ] ' | I I I
0 s
©) -84 z 0.75
1 1 ' I l
) §

F1a. 6. Theoretical spectra for the A,B spin system under conditions of intermediate coupling.

figure 8. The theoretical spectrum was calculated for
J/8 = 0.370, and the experimental data give

3 1514 % 0.10 cp.s.

2x

J _
o = 5.60 == 0.08 c.p.s.

IV. Grours or EQuivALENT NUCLEI

A. DEFINITION OF EQUIVALENT NUCLEI

In Section II,B it was noted that the Hamiltonian
operator

i = —;;wﬂ.; +Z<2 J{IJ!'IE§ (0]

and the operator for the z-component of total spin
angular momentum
I,= Z"_, L; @)

commute. Let us now consider whether the square of the
total angular momentum

B=1LI= 21,? + 2;‘,<2 LI ®)

commutes with 3C. If this is the case, an additional
constant of the motion results, since I, and I? commute.
Evaluation of the commutator yields:

[3, I8] = Z’L; 20 (wj — wr) (Tzslye — LyiIa) 4)

@ =1 ‘
X 1 | ' [}

) s

() g£=10
| I
o )

() %:m
1 |
o s

Fia. 7. Theoretical spectra for the A.B spin system under conditions of strong coupling.
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% = 5,60 % 0,08 CPS

s .
3% = 15.14 £ 0,10 cps

THEORETICAL SPECTRUM FOR 'g- =0.370

i

F1a. 8. Experimental and theoretical spectra of the —CH,OH
protons in benzyl alecohol. The experimental trace was observed
with a solution of benzy! alcohol in acetone at mole fraction 0.5,
room temperature, and 40 Mec. /sec.

so that 3¢ and I? do not commute in general. If, however,
wi = ay forallj, k (5)

then [3¢, I?} = 0. In this circumstance, the Hamiltonian
simplifies to

Ko = — %wI. +35.3 J,-kl,--lks )

where w is the common Larmor frequency of nuclei
4, k, . . . and the second term is the coupling between
these nuclei. Since I, commutes with 3¢, it follows that

[%Co, Z; Jilp L] =0 %é)

and the operators 3Co, I,, and
Z} <Z‘_, Jin LI

form a commuting set. If ¥,, and ¥.- are eigenfunctions
of these operators, then

Xoym = — (mw + Coaldm = Qmibm (8)
Km' = — <m’w + Cm')\(‘m' = Qn'Ym’ )
where C,, and C,. are the eigenvalues of

ZL; J,');I,'-Ik

If ¥ — ¥ is an allowed transition, then the observed
frequency is

Q' — Qn = (m — m)e + Cn — Cn’ (10)
Adding to 3, the perturbing rf field (equation 80 in

Section II) and using the transformation to rotating
codrdinates, one obtains

Pom'(t) = [ <¢mries’(c+~/ﬂll,):l¢m>|2 (11)

where
C= Z<; JiuliIe (12)

The term wl, does not occur in equation 11, since it
vanishes if w is also the frequency of the rotating field
(cf. equation 88 in Section II). Now

Z;,Cl=0 13)

and the exponential ¢?C* and efv#17s¢ operators commute.
The matrix element in equation 11 may now be ex-
pressed as

<wm,‘ei(c-hﬂlt,)tl¢m> - <e—iCﬁpmplei-’H;I,¢|¢m>
= e‘cw"<¢,,.'|e‘151’=‘l\bm> (14)

Therefore, the absolute square of this matrix element,
and hence the transition probability, is independent of
the spin couplings.

Equation 14 can also be written as

<¢m'|ei(0+1H11,)ew,m> = <¢m’|e‘731’-‘]e"c‘¢,..>
= e‘cm‘<¢m'|e‘7”l’-‘|¢m> (15)

If Ym — Y 18 an allowed transition, then
<ym'|eFilst | > # O

and equations 14 and 15 give
&iCmt = giCmst
which requires that
Cn = Cu’ 16)

From equations 10 and 16 it follows that the observed
frequency is also independent of the spin couplings. The
selection rule m’ = m — 1 shows that

Qn' = On = w a7

that is, a molecule whose magnetic nuclei have identical
Larmor frequencies exhibits resonance at one frequency
only. It is to be emphasized that the proofs of the above
theorems are not based on perturbation calculations or
symmetry arguments. However, the circumstances
under which w; = ws = ...... will frequently involve
(but not require) molecular symmetry. For example,
the protons in methane have w; = ws = w3 = wy by
symmetry, so the spectrum consists of a single line
whose frequency and intensity are independent of the
spin couplings.

Since the coupling term in 3C, does not result in
observable effects it can be omitted from the Hamil-
tonian operator; that is,

C‘Co = —-wI.

with the commutators I? and I,. Despite the trivial
nature of this equation and its commutators, these
results can be fruitfully generalized. Consider a molecule
containing a collection of nuclei which can be decom-
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posed into sets G = A, B, C, . .. such that the nuclei in
each set have identical Larmor frequencies; i.e.,

= wg (18)

WEF = weE = e 0 ¢

where G means nucleus j in set G. Since the spin inter-
actions within each set may be neglected, the Hamil-
tonian operator for such a system is

3= - ;wan- + ; GZ Jeia'i'lesle’s (19)
1 I"'
G <o

where
Ioe =2 Iajs (20)
?

and the spin-spin interactions are those between nuclet
in different sets. The Hamiltonian 3¢, had as a com-
mutator the square of the total angular momentum.
The conditions for which the square of the total angular
momentum of some set S commutes with the Hamil-
tonian (19) will now be determined.

=200 +2> > Il 1)
8 83 < 8k

and upon evaluating the commutator one finds:

(3, I5] = 2";,-2:',%3 (Jsia'y — Jsra'i’)
X {IskeTsiyIe's's = Isiela'iy
+ Isty(Isjele'i'z — Igjzde’i's)
+ Iste(Isielas'y — Isiyle'ss)}  (22)

Therefore, Iz commutes with equation 19 if
Jsig'y = Jsue's' (23)

i.e., the nuclei Sj and Sk in set S are equally coupled to
the nuclei in G’ for all Sk, 87, G’5’. The coupling of the
set S to the remaining sets G’ may therefore be de-
scribed by coupling constants J s, where G’ = A, B, &
S. These considerations lead to the following definition:
A set of nucler G which satisfy equations 18 and 23 are
said to be a group of equivalent nucles (5, 31, 37, 39, 53).
If each set G is a group of equivalent nuclei, the
Hamiltonian for equivalent nuclei is

3= — g; welgs + g.‘,<; Joo'lo'lo’z (24)

where J ¢¢ 1s the coupling constant for groups G and G'.
For this Hamiltonian, one has the commutators

[ I,)=0 (25)
B, I3 =0 (@ (26)
where
Ig = Z IGI
@

The eigenfunctions of the Hamiltonian operator for
groups of equivalent nuclei are determined by the usual
expansion in product spin functions. However, in the

present case equations 25 and 26 show that the eigen-
functions of 3¢ can be chosen to be eigenfunctions of I,
and I% as well. It follows that such an expansion of an
eigenfunction of 3¢ contains only those products which
(a) have the same z-component of angular momentum
m and (b) have the same total spin quantum number,
Ig, for each @. The selection rules for allowed transitions
are

Am = ; Amg = =1 @7)
Alg=0 (28)

G = 4, B, .... Equation 28 follows from the fact that
I% commutes with the operator

I_=;IE (01' Iz=;-’0=)

The selection rule Am = —1 can be satisfied in
several ways, and it is convenient to classify the various
possibilities. Transitions for which

Amp = —1 (29)
(G #R) (30)

are said to be transitions in group R; transitions not
satisfying these conditions are said to be “mixed” or
“combination’ transitions. Transitions which are asso-
ciated with a given group R have the property that in
thelimitJge — 0(G = 4, B, - - - # R) they approach
the frequency wg. To illustrate these definitions con-
sider the case of three spin 1/2 nuclei 4, B, C. A transi-
tion in group A means Amy = —1, while Amp =
Ame = 0. Thus spin A undergoes 1/2 — —1/2, while
spins B and C remain unchanged; the latter may occur
in four distinct ways so that there are four transitions
(resonances) in group A. Similarly, there are four
transitions in groups B and C. The mixed transitions
have Amy -+ Amg 4+ Ame = —1, for which there are
three possibilities:

Ameg =0

Amygs  Amp Amg

-1 -1 41
-1 41 -1
41 -1 -1

In all, the three spin systems can exhibit fifteen lines,
four in each group and three mixed transitions.

If a group G contains ng spin 1/2 nuclei, the total
spin quantum number Iz has the values

{0,1' . 2 fol‘naeven
k =
{e]

Ig="2 — = _
2 0,1,..."'0 1

for ng odd

with the statistical weights

— nel (ng — 2ke + 1)
91e = Tng — ke + 1) kgl

The values of me are just
meg=Ig, Ig—1,+++, —Ig+1, —=Ig
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When determining the various types of transitions one
must be careful to take account of the different values
of I¢ and their statistical weights. Consider the case
ng =2and ng = 1; here, I4 = 1,0 and Iy = 1/2, all
having statistical weights of unity. For transitions in
group A one need only consider I4 = 1, since states
with I, = 0 have no magnetic sublevels and hence
do not take part in the resonance; however, they
must be considered when the transitions in other groups
are calculated. For I, = 1, Amy = —1 in two ways
ma=1->0 or my=0——1) and Amz =0 in
(2-3 + 1) = 2 ways; hence there are 2 X 2 = 4 tran-
sitions in group A. Similarly, Ampz = —1 in one way
3 — —1),whileAmy =0in (2:1 4+ 1) + (2:0+ 1) =
4 ways, resulting in four transitions in group B. By the
same procedure one may show that there is only one
“mixed” transition.

Groups of equivalent nuclei can result in several ways.
Inherent molecular symmetry or effective molecular
symmetry brought about by rapid internal motions is
quite common. For example, in fluoromethane the sym-
metry of the molecule is such that the methyl protons
have identical resonance frequencies and are equally
coupled to the fluorine nucleus; they constitute a group
of three equivalent nuclei. On the other hand, the
methyl and methylene protons in CH;CH.X cannot be
considered as two groups of equivalent nuclei unless the
rotation about the carbon-carbon bond is sufficiently
rapid so that intermediate configurations are accord-
ingly averaged. In this event, the methyl and methylene
protons possess an ‘“effective symmetry” and are
groups of equivalent nuclei. The coupling constant and
chemical shift derived from such a case are, of course,
averaged values. In general, if two sets of nuclei, G and
G’, are groups of equivalent nuclei because of the
averaging effect of some internal molecular motion with
frequency v, then

Jeo' K 27y ‘ }

lweg — wa'| = |wae'] K 27w

@1

The conditions for equivalent nuclei (equations 18 and
23) do not require any particular symmetries and can
arise from accidental degeneracies. For example, in
B-propiolactone (5)

H{C—CH?
b &
0—C=0
there is no reason to expect that
JaE = Jid

Experimentally, however, these coupling constants are
equal to an excellent approximation (5) and the A and
B protons are groups of equivalent nuclei. A similar
example is that of ethylene monothiocarbonate (19a;
Section V,C).

Equation 23 is identically satisfied if the molecule
contains only magnetic nuclei of the same Larmor fre-
quency. Thus a molecule such as methane is to be
considered as a single group of four equivalent nuclei.
In general the spin couplings between these equivalent
nuclei cannot be observed but isotopic substitution
(e.g., deuterium for hydrogen) can be often used to
determine the coupling constants (44). For example, the
proton spectrum of CH;D (31) is a 1:1:1 triplet with
splitting equal to the JEP coupling constant. Since iso-
topic substitution is not expected to alter the electronic
structure significantly, one can write (¢f. equation 20
in Section I):

= Ju
Jes = B g (32)
The concept of groups of equivalent nuclei can be

generalized to groups of “groups of equivalent nuclei’”
with equations analogous to 18 and 23. It is much

TABLE 11
Ezxamples of molecules containing groups of equivalent nucles

Number
Molecule of na ne ne
Groups
Benzene, CeHe....ooovvvvvnnnnnn 1 6
Methane, CH4..ovvvevvvvnnnn. 1 4
Fluoromethane, CHaF........... 2 1 3
Difluoromethane, CH3Fz......... 2 2 2
Chloroethane, CHsCHaCl*....... 2 3 2
Propane, (CHa)sCHz*........... 2 6 2
Isobutane, (CH3)sCH*........... 2 9 1
Vinyl chloride, CH2==CHCl...... 3 1 1 1
Fluoroethane, CHsCHzF*........ 3 1 2 3

* Rapid internal rotation assumed.

simpler, however, to consider these larger collections as
a single group. Propane, for example, may be con-
sidered to consist of two groups with ns = 6 and
ng = 2, provided, of course, that the internal motions
are sufficiently rapid. Table 11 lists several molecules
with groups of equivalent nuclei.

B. NOTATION FOR EQUIVALENT NUCLEI

In future discussions of equivalent nuclei a specific
notation will be used, some of which has already been
defined. Groups will be denoted by capital letters 4,

B, C, ... and the Larmor (angular) frequencies of these
groups (in the absence of spin couplings) by wi, ws,
we, . . ., respectively. The spin functions of a group will

be denoted by the appropriate capital letter for the
group and subscripts giving the quantum numbers of
total spin and z-component of angular momentum of
the group. Thus the spin function for a group @ is
G1¢ mg- Independent spin functions having the same
values of I¢ and mg will be distinguished by primes.
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For example, in the case of three equivalent nuclei with
spin 1/2 (cf. table 4):

Al/’t"’ Al/!-l/’
Ay Ays-vs
Ay, Alnan
y: PYTY Alrs,-us

The designation of all the groups in a molecule will be
made by a juxtaposition of the several capital letters
with subscripts giving the number of nuclei in each
group thus: A,B:C.. . . . The simple two- and three-spin
systems already discussed are thus described as AB and
A.B systems, respectively. Groups of equivalent nuclei
that have large chemical shifts with respect to wy,
wsp, . . . Will be denoted by X, Y, Z.

The product spin functions for the molecule are of the
form

(- -+ Ioma - -

and the matrix elements of the Hamiltonian with re-
spect to the product functions are given by equations 75
and 76 of Section I1,B, with j and k replaced by G and
@' 1t is appropriate to mention at this point that when
dealing with groups of equivalent nuclei it is not neces-
sary to write a spin function explicitly. All that is re-
quired is the branching diagram (figure 1 for spin 1/2
nuclei) and a notation for the spin functions. The spin
functions are completely determined by their quantum
numbers, which are easily written down; hence there is
no need to write products as aaffaBa . . . or linear
combinations of these products.

C. OTHER TYPES OF EQUIVALENCE

Before illustrating the preceding results by examples,
some additional comments on equivalent nuclei are
appropriate. In the literature one frequently encounters
the phrases ‘“chemically equivalent,” ‘‘symmetrically
equivalent” (93, 94), and “magnetically equivalent”
(31). Of these, only *“magnetically equivalent” is
synonymous with the simpler term ‘‘equivalent nuclei”
used here. The designations ‘“chemically equivalent’
and “‘symmetrically equivalent” have other connota-
tions, which lead to ambiguities in the present connec-
tion. Consider, for example, the protons in a para-
substituted benzene:

Sl

H, H1
H H¢
2

Protons 1 and 2 are chemically equivalent, as are
protons 3 and 4. This is the classical definition of
chemical equivalence made on the basis of additional
substitution at the two distinet ring sites. In this case,
wy = ws and ws = w4. The sets (1,2) and (3,4), however,

are not groups of (magnetically) equivalent nuclei,
since more than one coupling constant (Jiu = Ja3,
J1s = Ja4) is required to describe the spin interactions
between them. As J13— J14, the two sets of protons
approach magnetic equivalence. The sets (1,2) and
(3,4) in this example are also symmetrically equivalent;
i.e., under the operations of the molecular point group
the nuclei in each set transform among themselves:
122, 324. From this example, it is seen that
chemical and symmetrical equivalence imply identical
Larmor frequencies of the nuclei in question.

As a second example, consider CH;CH,X. The de-
scription of the methyl and methylene protons as
chemically equivalent means that the internal rotation
is sufficiently rapid so that the rotation isomers cannot
be resolved. If the conditions in equation 31 are satis-
fied, the methyl and methylene protons constitute
groups of equivalent nuclei. These groups are, in effect,
symmetrically equivalent under the group operations
Dj for the CH; group and C;, for the CH; group. As the
barrier to internal rotation increases, the number of
nuclei with a specified type of equivalence decreases.
To illustrate this, suppose that for high barriers the
trans isomer is the stable form:

The protons H4 and HZ are chemically and symmet-
rically equivalent as are HZ and H2, but they are not
groups of equivalent nuelei except in the event of acci-
dental degeneracy

(JIAIB = J;izB = J1A23 - J:ﬁB

As a final example, consider the situation in fluoro-
methane, CH;F. The protons are a group of equivalent
nuclei and are chemically and symmetrically equivalent
as well,

“’Chemical” and “‘symmetrical” equivalence are thus
closely related terms and may in fact be identical.
Neither term, however, is generally synonymous with
(magnetically) equivalent nuclei, and caution must be
exercised in their use. In this study the term ‘‘equiv-
alent nuclei” without additional modifiers will be used
to indicate the validity of equations 18 and 23.

V. THE ANALYSIS OF TWO-GROUP SYSTEMS

A. THE A ;B SPIN SYSTEM

The Hamiltonian operator for two groups of equiv-
alent nuclei is

i

- gwAIA: + wplp, + ﬂa-laz

= —{oulas +osla, + Tulan + 310105 + 11D} @
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where J = Jip = Jz4. The spin functions for group 4
are given in table 4, while those for group B are simply
a and 8. The product functions are therefore of the
form:

ArimaBusar ArgmaBiscs

where I4 = 3/2, 1/2 and gy = 2. Relative to this

TABLE 12
Factoring of the secular determinant for the AsB spin system

basis, the nonvanishing matrix elements of the operators
in equation 1 are:

<Igmelgme'|Ig:| Iemglgmg'> = me 2)

<Igmelg'me'|Iasda's| IemaIame'> = meme’ (3)
<ImneIg'mG'|]gIE,lIoma =1, Igmg +1>

= {(Ig+me)(Ig—me + 1) (I¢' — me') (I¢' +me’ +1)]12  (4)

where the subscripts G and G’ ¥ @ run over A and B.
From the mixing rules (Section IV,A), or by direct
evaluation of the matrix elements, one finds that the

secular determinant (16 X 16) factors into six 1 X 1
1x1 m 2 X2 m and five 2 X 2 subdeterminants. The manner in which
this factoring occurs is shown in table 12, where the
Ay2ar3B1sa e 2 Asa12B1,ai spin functions are tabulated according to the orders of
Asj2.8/B13, 118 } """ ! the subdeterminants they generate. The eigenvalues
and eigenfunctions for this problem may thus be ob-
AusapBims. e ! AssaaBufs.-a } ..... 0 tained through the solution of linear and quadratic
AlpazBizans. ..o 1 Asja,-12Bipzan equations. The algebra is lengthy but straightforward;
A1/ rfBYa Ao -1 AvaisaBus, the final results are given in table 13, where
AlpapBigar........ -1 || AipcpBisas } """ ‘ Bi=Va T8 ®)
Agja,_8;2B1j2, 1200t -2 Alja1pBig, <13 Ro= /3% + 4J3 (6)
AinnBinan } """ ’ Ry= VG = IV F 3 ™
AvBinin } 1 Bo= VO TIN5 ®
o=z ®
TABLE 13
Eigenvalues and ergenfunciions for the AsB spin system
Eigenfunction Eigenvalue
X 1T Y: 27 T T —4Bud +ws +30)
(1 + @) ~V3{ As/2,1/2B1/3.1/3 + @848/3,812B1/3,-1/2} 1 et e et iniii i e $(~20a + §J + Es)
(1 -+ Q) -1/3{QaAs/2,1/2B1/3,1/3 = A8/2,8/2B1/2, 1/} so o vvveri ittt i e 4(~2wa + 4J — R3)
DY R 7Y 1 T Y —%(wa +wp + ¥)
LY 1Y T —%(wa +w + )
(1 + Q213 { Aasa,1/2B1/2,-1/3 4 Qads/a,-1/3B1/2,1/2 ) vt ve ittt it e et e e ire e 437 + Ra)
(1 + Q3) =12 {Q2A8/2,1/2B1/3 <1/2 = A812,-1/2B1/3,2/3} « v ene st e et s e naattaataa et e ettt e aiieite e s rraaaaas 337 — Ra)
(1 4 0D =V2{ A1/2,1/3B1/2,41/3 ~ Q1A1/2,-3/2BU2,1/2} e vurre st ittt e ettt et e et aaae e e e raniae ey 337 + Ry
(L + QD12 {Q1A1/2.1/2B1/2,21/3 = A1/2,21/2B1/2,1/3} ¢ et trertierentiteeeereeseatierttiiaea ettt iaaes 337 — Ry)
A QB -V2{A]/2,1/2B1/2,-1/3 + QLAL/BcU2BUR 12} e e et ettt e et e e e ee e 337 + Ry
(1 + QD) V2 {QuA1/2.1/2B1/2,21/2 = Al/2,1/2B1/3,1/2} ¢t vv ittt eir e ire ettt eaie e e 337 — Ry)
(1 4 Q)12 { A3/3,-1,2B12,-1/2 + QaA8/3,8/3B1/2,1/3} + 1 vev vt ettt ettt aaei e rae s et ea e raaes 4ws +4J + R)
A + Q)12 {QuAs/2,-1/2B1/3,-1/2 — A8/2,-8/3B1/3,1/3} 1 e vnnet ettt i i et $Q@wa +3J — Ry)
YTy Y Y T PP $wa +ws — §J)
T 11 S Y $wa +wz — 3)
D Y $(Bwa +wr — §J)
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o
Q’—b—R’

=3
Q’—J_a—‘RI

Y
&Q=7Ts—g

= w4 —wB

(12)

(10) The line intensities and frequencies of the allowed

transitions are calculated as before and are collected in

an) table 14. From this table it is to be noted that the

transitions 3 and 4 in group B (and the lines 3 and 4 in
group A) are separated by the frequency J, so that if
these lines are resolved J can be readily determined.

@3)  This is not a fortuitous result and, as will be shown

TABLE 14

Resonance frequencies and relative intensities for the A;B spin system

Transition in the Limit J — 0

Relative Intensity

Frequency Relative to ws

Transitions in group 4

4.

7.

Asfa,32B112,172 = A33,1/8B1/3,1/8. st et it i i i st as e
As/9,-1/2B1/2,21/8 — A8/2, 8/23B1/2,21/8. s ettt a et iaa s

............................................

A1pa3Bipae — Ain,-1aBi1paan }

AipapBins — Alp,apBipan

..........................................

A1sapBisa.ais — Aip3Bia,-1 }

Alp2Bia,-1s = Alp,apBips-ns

As/2,1/3B1/3,-1/3 = A3/2,c1/2B1/3,-1/3. cveat it iii it iaii ittt ettt r e
A32,-113B173,112 — A3/3,8/3B1/2,1/30 00t i it it et aaa e ey
A3/3,8/12B1/2,21/3 — AB/2,1/2B1/8,21/2. 0 ciistie ittt ittt assaeaais

A3/2,1/3B1/2,1/2 = A313,1/3B1/3,1/3. . st it et e it iiie ittt eanas

(/3 +Qs)2
1+Q3

(\/3Q4 ~ 102
14Q}

2(1 +@Q1)?
14+¢

201 — Q1)3
1+Q!

[(2Q2 — 1)@« + /31
O +QH( +@

[Q2 +2 + /3Q:Qu8
 +eha +oh

[(Qs — v/3)Q2 — 2Qa)?
(1 +edHa +ep

[v/3Qs +2Q2 + 1)
a +Qd +@2)

3¢ +2J + Rs)

306 ~ 27 + R

3¢ +7 +R1)

46 -7 + Ry)

428 + Rs — Ro)

428 + Ra + R0

428 — B3 + Rs)

428 + Rs — Rs)

A3/2,8/281/2,1/3 = A8/2,8/2B1/3,21/3. 400ttt ianenitieriinttintarioaesiattestsistne
A3/2,-3/3B1/3,1/8 = A3/2,08/2B1/2,21/2  ceettti s irniitatienr i r ettt rsareatas

A1saiaBisan — AiaaeBin,.an
AipapBipasz — AipinpBia,-in

Aa,aBiaage = Aig-1aBis,ins }

Alp,-1aBisap = AlpBig,-1n

A3/3,-1/3B1/3,173 — A313,01/2B1/2,c1/3. . s ve i i e et ey

A33,118B113,112 > A3/2,1/3B1/3,1/30 s eat it iin ettt at i b tes e

(+/3Qa — 1)
1+Q3

(@ ++/3)°
1+Q%

201 — Qi)
1+Q2

20 +Qu)2
1 4@

[Qu(Q2 +2) —~ +/3Qs?
a+ehHa +h

{(+/3Qs +1)@2 — 217

1+ +3)

4 +2J ~ Ra)

3@ ~2J — Ry

36 +7 - R)

6 -7 =Ry

$(28 — Rz — Rq)

428 — Rz — Ry)

Mixed transitions

1,

Asr31/3B1/2,2173 = Ag/2,3/2B1/8,3/3ccvvi it iiai i iecar ittt ee s

A2/3,813B1/2,-1/3 =% A3/3,-1/8B1/3,1/8. e i it ittt st sas st tan s

2Qs — 1 — 4/3Qu)3
a+eHi +@3)

210z + Qs — +/3)2

a +9)a +9%

%25 + Ra + Ra)

4 + Ra + Ra)
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below, occurs whenever group A contains an odd num-
ber of spin 1/2 nuclei and group B contains only one
spin 1/2 nucleus. In general, however, the internal
shift must be determined indirectly through the rela-
tions defined in table 14. In all, there are sixteen possible
lines: eight in group A, six in group B, and two mixed
transitions. These numbers could have been found
without making any detailed calculations by using the
procedure previously discussed and noting the de-
generacy of the spin 1/2 states of group 4.

In figures 9 to 11 the calculated spectra are given for
weak, intermediate, and strong coupling. The mixed
transitions are ordinarily too weak to observe and are
not shown in these figures. The correspondence between
the numbering of the transitions in table 14 and the
figures may be easily made by reference to the numerical
data in the Appendix.

An example of this system is that of CH SH (figure
12) for which

J 742 4017 cpa.

27
2
2r

= 25.18 4 0.21 c.p.s.

There are slight discrepancies of unknown origin be-
tween these values and those reported previously (1).
Other examples of this system may be found in the
literature (21, 45).

B. THE GENERAL A,,B SYSTEM

The preceding spin systems have all been special
cases of the A,,B system, which will now be considered
in detail. There are only two spin functions for group B,
Bys,y2 and By, e For group A there will be 24
functions, some of which will be degenerate. The degree
of degeneracy (i.e., the statistical weight) of a spin
function with total spin I4 is given by equation 36 in
Section II as

_ — nA!(nA — 2k + 1)
0= 0o = oy — Foa + DRl 14)
where
0,1----- 1"2‘—‘ for n even
k,q = -
0,1 n42 1fornodd

It is easy to show that for this system only linear and
quadratic equations are involved (10, 19a, 90). To see
this, note that for a given my

m=m4+m5=mA:l:% (15)

The only states that mix are those for which

=mA+%andm= (m4+1)—%

i.e., the states with the same m-value:

ArgmaBizan m=ma +%

Apgms1Bus-1s m= (mqg+1) — % = ma +%

The matrix elements for these states are

<ArmaBusas |3 ArymgBraan>
= - 3m404 + %wa + %mmf} (16)
<Argman B n|B Az mapnBus s>
= - ; (ma 4+ Dwa — %wa - %(m;. + l)Jz a7

<AtmaBinaia |3l AL ma+1B1sg s>
= <Anmg41Bus,—12|3¢| A1gmaBris,1ie>

= —%J‘\/(IA —ma)(la+ma+1) (18)

With these matrix elements, the eigenvalues for the
ma + 1/2 states are easily calculated; the results are

1 1

—5; (2m4 + 1)0)4 — §J + RIA-nu% (19)
1

—5; (2m4 + 1)0)4 - %J - Rl‘mu; (20)

where

RIA.m‘

= 1/[5 - %(2m4 + 1)J]’ + I (Ts = ma)(Ia +ma+1) @1)

The corresponding eigenfunctions are

1
vVi+@,,,
1
vVi+@,.,

{AIA|MA+IBl/2-—I/2 + QIA.m‘AIA.nuBlII.lII} (22)
{QIAvaAIA.m‘+lBl/I-—l/3 - AI‘-MABU’J/’} (23)

where

Ql‘.m‘ = J'\/(IIA - mA) (IA + ma + 1) (24)
s+ 5(27&4 + 1) + Riyma

There are two additional eigenfunctions which result
when m4 and mp have their maximum and minimum
values for a given I4; viz.,

1
AnanBinansm = Ia +3 (25)
ApperiBinamim = —Ls = (26)
The eigenvalues are
- ;IAW +3un + %IAJ% @)
Liws — Sop + 2147 28
bl —ilAw4g — 2‘03 2 4 ( )

Note that equations 25, 26, 27, and 28 are special cases
of equations 19, 20, 22, and 23.
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Fi1g. 9. Theoretical spectra for the A;B spin system under conditions of weak coupling.
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F16. 10. Theoretical spectra for the 4,B spin system for intermediate coupling.
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F1a. 11. Theoretical spectra for the A,B spin system for strong coupling.
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F16. 12. Experimental and theoretical spectra of the protons in methyl mercaptan. The experimental trace is that of the pure liquid at
room temperature and 40 Me./sec.
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With these eigenvalues and eigenfunctions it is easy
to write recursive formulae for the line frequencies and
relative intensities (19a). To see this, note that there
can be transitions from the state

A 1B

to a pair of states with
m=(14+%) —1=1I—1/2

which are linear combinations of
Arg14-1Bise and Agyg1,Bus, 12
Similarly the states which are linear combinations of
Apge-ris1Bin-ys and A1,,-1,Busie
undergo transitions to
Apg-1.Bys, 1

Finally, there are transitions between states whose
m-values differ by —1 and have the form given in
equations 22 and 23. These calculations are illustrated
by considering the transitions from the state

A 1Busire
Operating with I7 4 I one finds

(I7 + Iz)A1.1Brzan
= V(T4 +ma)Ts — ma + 1)A15,141Bri2.12
+ AnpBuecue (28)

= V214 Anina-1Bueaie + An1aBuse—ire

since ma = I4. The eigenfunctions which are linear
combinations of

Arga4-1Biraz and Ar14Biis-1s2

and the corresponding eigenvalues, are obtained from
equations 19 to 24 with ms = I, — 1. The products on
the right of equation 28 can be expressed in terms of the
eigenfunctions of 3¢ by applying the appropriate inverse
transformation to equations 22 and 23. The matrix of
the inverse transformation is just the transpose of the
coefficient matrix of equations 22 and 23. Substituting
these expressions for the products into equation 23
determines the transitions and frequencies. The other
cases are determined in the same fashion and the
results are given in table 15. The factor gr, accounts for
the statistical weights of the group A spin states.
Note, also, that the first and second group A transitions
are special cases of the third and fourth transitions
with m4 equal to I4 and — 1,4, respectively. Similarly,
the first pair of B transitions follow from the third with
my = I A -1 A-

The theoretical spectrum of any A.,B system follows
from table 15 simply by substituting the appropriate
values of I4 and gr,. Therefore, the general A,,B
spectrum consists of a superposition of all 4 ,,B spectra

]’3’5,...

= - 4 for nyg odd
94 = ;2,4,6," .

- ng for ng even

with the intensities of the “subspectra” weighted by the
gra- Such a spectrum can be quite complex, but it
should be rather easy to analyze with computer
techniques.

The analysis can sometimes be facilitated by some
properties of the general system. Consider the difference
of the first pair of A transitions and B transitions

A J(IA + %) + %(RIA.IA—I - RIA-—IA)
1 1
B: J(IA + 5) - E(R"""‘ — Ri-14)

If I4 = 1/2, the terms in R cancel and there are pairs
of 4 and B transitions whose separations are exactly J.
States with 74, = 1/2 will occur whenever n, is an odd
integer and this proves the result mentioned previously.
Hence, experiments at two values of the magnetic field
may permit the direct evaluation of J, unless there is
excessive overlapping of the resonances. If n, is even,
then Iy = 0, - - - n4/2, and it is seen that for T4 = 0,
there is a transition in group B which is undeviated and
of unit intensity. Further, for any ns > 1 the mean of
the third and fourth A transitions is just wg.

The number of lines in each group can be computed
by considering the range of ms. The third group 4
transition has m4 4+ 1—m, for spin I, and, since
|ma| < 14, ma ranges from I, — 1 to —I,. Hence
there are 21,4 lines for these transitions. Similarly, the
fourth A transition yields 274 lines, so the total numbe:

of A transitions is
Na= 4214 (all distinet I4) 29)

The group B and mixed transitions are calculated in the
same way with the results

Np= Z{2I4 41} (all distinet I4) (30)
Ny = Z{2I4 — 1} (all distinct T4 # 0) (31)
.l n
By writing I, = -éé — k these sums can be evaluated by
elementary algebra:
nA(%‘f‘ + 1) for na even
Na= ) (32)
§(n4 +1)2 for n4 odd
% + 1), for n4 even
Np = ) (33)
3(ma +1)(na +3) for naodd
ng for n4 even
NM = 9 1 (34)
Z(n}1 - 1) for n4 odd

Summing these one finds that the total number of lines
is (na + 1)2 for odd or even ng; that is, the total num-
ber of lines is just the square of the total number of
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TABLE 16
Factors of the secular determinant for the AsB, spin system

1X1 m 2X2 m 3 X3 m
F TR Y - T 2 A1,1B1,0 A11B1,41
A11B00.0cvnniiiriiiericinariniannn 1 AioB1a } .................. ' A10B1,0 Prrriiiiiiiinienanns 0
A0 0B1,t. i iieiiiii i iiiiirtiaiaaeas 1 Ay,1B1y
A1,0B0,00.00iinreiriniinriiiieenans 0 A1,1B10
A0,0B1,0..vsiien it 0 A1,0B1,-1 } .................. !
A0,0B0,0. . uuveeniiacainiitcincnann 0
A3,-1B0,0. 0 cieeiiiiiareniiitiieaans -1
PR Y T O -1
S -2

spins. Of course, counting these lines is quite a different
matter from resolving them.

C. THE A.B; SPIN 8YSTEM

The Hamiltonian operator for the 4,B; spin system
(5, 19a) is given by equation 1, and its matrix elements,
in the product scheme, are derived from equations 2 to 4
with T4, Is = 1, O (¢f. table 3). Upon evaluating the
matrix elements, one finds that the Hamiltonian matrix
factors into one 3 X 3, two 2 X 2, and nine 1 X 1 sub-
matrices. This factoring is indicated in table 16.

The 3 X 3 submatrix, which is generated by the
product functions with m = 0, is

(=s+J) =J O
s=< -J 0 —J) (35)
0 —J &4 J

Let ©; < Q5 < Q3 be the eigenvalues of S and a = (ay;)
be the matrix whose normalized column vectors are the
eigenvectors of S; that is,

aSa~! = (Qd;z) (36)

The elements of (a;;) are just the expansion coefficients
for the eigenfunctions of 3¢ in terms of the product
functions with m = 0. In the limit as J — 0 or § — «,
a is a 3 X 3 unit matrix and

ﬂx= —5+J
Q=0 (37)
Q;=5+J

(The J’s in equations 37 are the first-order corrections to
; and Qs.) ForJ — « or 6§ — 0, it is easily shown that

91 = —J
Q= J (38)
Q] = 2J

\/7 viez Vi3
-V1/3 (39
\/7 \/7 V1/3
Intermediate cases require the solution of the cubic
equation
det|Si; — Q:85i|= 0 (40)

The calculation of the eigenvalues and eigenfunctions
corresponding to the 1 X 1 and 2 X 2 determinants
presents no difficulties. The algebra leading to these
results will not be given here. All the algebra is sum-
marized in table 17 in terms of the following definitions:

= w4 — wp (wa assumed > wg) (41)

= 4/52 4 4J2 (42)
2J

0= 13)

In addition, the frequency origin has been taken at
L(ws + wg) so that

(44)

The resonance frequencies and relative intensities are
determined in the usual manner, and the results are
given in table 18. The spectrum is symmetrical with
respect to the frequency %(ws + ws) = 0, so that only
half of the lines are given. The spectrum thus consists
of eighteen lines: seven in groups A4 and B and four
mixed transitions. It is important to note that the mean
separation of the lines A7 and A2 (also B7 and B2) is
exactly J, and further, A4 — B4 = 4. Thus, if these
signals are resolved, J and § may be determined without
solving the cubic equation. The selection of these lines
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TABLE 17
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Eigenvalues and etgenfunctions for AsBs spin system

may be made by reference to the numerical data in the
Appendix and can be confirmed by experiments at two
field values.

Eigenfunction Eigenvalue Calculated spectra for the A,B; system are presented
in figures 13 to 15, and in figure 16 the experimental and
D - 7 -J theoretical spectra for ethylene monothiocarbonate are
A1aaBlickecveeveeeee e -7 compared. As noted previously, the A,B, system applies
. for this molecule because J47 = J4Z,, to an excellent
A11BO0. e ettt et e e -3 approximation. The observed values of J and & are
3 L = 7.00 £ 0.06 c.p.s.
D - £ T W -3 27
AL6B0. e 0 - = 35.96 = 0.26 c.p.5.
D T 2 K T 0 D. THE A3B2 SPIN SYSTEM
Y N 0 The Hamiltonian operator for the 4 332 spin system
AooBis [ (5, 19a, 55) is given by equation 1 and its matrix ele-
T 2 ments are determined by equations 2 to 4 with I, = 3/2,
B s 1/2 (g2 = 2), and Iy = 1,0 (cf. tables 3 and 4). Upon
1,-1D0,0¢0c i cservennsscnsssactnrrsssssssoserovaosns 2 calculating the matriX elements, one ﬁndS that the
. . . .
(1 +Q013{QA11B1o — A1oBra}evrerereesennnnn, _3E matrix for 3¢ factor.s into fourteen 1 .X 1, six 2 >< 2, and
two 3 X 3 submatrices; the manner in which this factor-
(1 +Q0-12{41,.0B1.0 + QA1.0B1,m1} cervereerininnns ~4R ing oceurs is indicated in table 19.
(1 +Q@2)-12{411B1,0 +QA1,0B11} cruerrrneeinriennns, iR The two 3 X 3 matrices are
(1 +Q2)-V2{QA1,1B1,0 — Al,OBl.-l} .................. iR g (Fs + J) _4/%.]- 0
a1141,1B81,-1 4 az141,0B1.0 468141, .1B11. i 431 1
3
= | — /2 £ -
a1241 181,01 + 62241,0B10 4 a8243,1Br1.ceenin e Q3 5]E = "/; J F 2 8 \/5 J (45)
61341,1B1,.1 + a2341,0B1,0 + aasdr..1Bra..oeinii. Qs 0 __\/5 J % (%8 + J)
TABLE 18
Resonance frequencies and relative intensities for the AoB2 spin system
Transitions in group 4 and mixed transitions
Transition in the Limit as J — 0 Relative Intensity Frequency
2 - 2
1. A1B1,01 = A1,0B1,cliiiiiiiiiiiiiiiii i, faz1 +0811 +?Q(:u o)) - — 3R
J 1
2, A10B1,01 2 AL Bl e e 2(1 + ;2‘) -J + 3R
2{a12 + 622 4 Qa22 + as2)]? N
- - R
3. A1,0B1,0 5 AL 1Bl10. e i e i e T+ Q2 + 3
4. A11Bo,o = A1,0Bo,o0 1
................................. 4 b1l
A1,0B00 —+ A1,-1Bo0
2
5. A1,0B1,1 = A1,a1B1d i e Uazs +5231-:_QQ(:“ + o)) Q2 — 4R
2[Q(a2z + a12) — (622 + aa2)]3 "
6. A1,1B1,0 = A1,0B1,00cviiiiii i i 11 Q Q2 + 3R
2J
7. A11B11 = A1,0B10. it it e i e e 2(1 - E J + 3R
2 2
M1, A11B1,a1 = A1, c1Bl1,00 i eei i iieeenanrsieerensanannsen la1s +02‘1:_Qé:21 +an)] —01 + 3R
2[Q(a23 + a13) — (323 + a33))?
M2, A1aBro = A,aBid.iiiiiiii e e L+a 03 + 3R
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F1c. 13. Theoretical 43B; spectra for the case of weak coupling.
These matrices are generated by the states with o= g 6+
m=+1/2and I4 = 3/2,Ip = 1. Let Q; < @, < Q3 be
the eigenvalues of 3¢t and a = (a:;) be the matrix o = 8 (48)
whose normalized column vectors are the eigenvectors 2
of 3¢t; that is, o= % (=5 +J)

ajttal = (Q45:;) (46)

Similarly, let Qf < % < Q4 and b = (b;;) be the corre-  In the opposite limit, i.e., J/63> 1, it is easily shown
sponding quantities for 5¢—. For J/6 < 1 bothaand b  that
are 3 X 3 identity matrices and

3 Q1=ﬂ{=—"gJ
w=5(=8+J) B=0=J (49)
1
Q=3¢+ J) (T'ext continues on next page)
‘-—2.:—-[ 29—
@ $ =025
1l ll ll 11
- ° £
o & =050
1 1 ' ll ” | 1l !
-§ 2

© 4 =075

. l

£

Fra. 14, Theoretical A;B; speetra for the case of intermediate coupling.
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F1e. 15. Theoretical 43B; spectra for the case of strong coupling.
V1/10  /2/5 V1/2 tions. The rather extensive algebra leading to the eigen-
_|v3 V1Ji5 V173 values and eigenfunctions will not be given here;
s ; ®0) " instead, all the algebra is summarized in tables 20, 21,
V3/10  —3Vv6/5 V1/6 and 22, giving the allowed transitions, relative intensi-
ties, and line frequencies. In these tables the following
V172 V2/5 V1/10 abbreviations have been employed:
b= |—V1E +1/15 V3/5 (51)
1 ]
VIE  -IEE VTG | B= A/ (3-57) +o

For other values of J/8 one must solve a pair of cubic
equations for the @’s; this is most conveniently done
numerically.

The eigenvalues and eigenfunctions for the remaining
states offer no difficulty, since their determination re-
quires only the solution of linear and quadratic equa-

CHy—CH,

[o] S
\c/

o=

Ra= 1/(5 +%J)’+6J’
Ry = 1/(5 +%J)’+2J’
B= V(“%’)”’”’J

(e

sk = 7.00% 0.06 cps

S -
35 = 35.96 £ 0.26 Cps

THEORETICAL SPECTRUM FOR -g’- = 0.195

1l

|1

F1a. 16. Experimental and theoretical spectra for the protons in ethylene
monothiocarbonate. The experimental trace is that of the pure liquid at

room temperature and 40 Me./sec.
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TABLE 19
Factors of the secular delerminant for the A3B; spin system
1X1 m 2X2 m 3 X3 m
PR Y - 3 5/2 Assz,32B1 o } As/3,8/2B1,-1
............... 3/2
A3/2,3/3B0,000 000 i, 3/2 Asyz,1/3B1,1 A33.1/aB1,0 Poeiiiiiiiiinan. 1/2
A1218B1. i e 3/2 Ais2,1/3B1,0 } As/3,~1/2B1,1 J
............... 1/2
ABABIA e iin i 3/2 Ays,_13B12 As/a,.3/3B1.1
A3/2,112B0,00 0 vttt 1/2 AlpapBie } A3/23,-1/2B1,0 Feuiiniiiiienean. -1/2
............... 1/2
A2a/3Bo0.cveii it 1/2 Alpa,_13B11 Az3.1/2B1.-1
LI RTY: Y S 1/2 A173,112B1,41 }
............... -1/2
A1/2,21/3B0,64 0 v -1/2 Ays,-112B1,0
A172,0073B0,0. v -1/2 Aif2,1/2B1,41
............... —-1/2
A8/2,1/2B0,00 e rnnn i, -1/2 Alps,-1/2B10
A1/2,03/3B1mlev it -3/2 Asja,-1/2B1,1 }
S T | N S PP PP PPRPPIIT -3/2
B B Y Y £ S -3/2 Asps,.3/2B1,0
A3/3,~3/3B0,0. 0 veniii it -3/2
A3/2,.3/2B1,m1.ceii i -~5/2
Q= AT tions are not shown in any of these figures because of
5 — %J -R their low intensity.
The theoretical and experimental spectra for CH;CH,I
Qs = — 1\/5 J (19a) are shown in figures 20 and 21. The chemical shift
5+35J + B spin-spin coupling constants were found to be
» (53)
V2T LA 7.5 £ 0.3 c.p.s.
Q= . = 2r
&+ §J — R, 8
7= 54.13 £ 0.20 c.p.s.
__=\2J
U=—7—"" E. THE GENERAL 4,,B,; SPIN SYSTEM
& — §J + R,

In addition, wp has been arbitrarily taken as the fre-
quency origin, so that ws = 4.

From the tables, it is seen that the general A:B,
spectrum consists of thirty-four lines: thirteen in group
A, twelve in group B, and nine mixed transitions. The
most intense line in group A is undeviated from the
position it would have in the absence of spin coupling.
Further, the mean of lines 4 and 5 in group B gives the
frequency origin exactly. Therefore the chemical shift
can be exactly determined without solving the system
in detail. The correct lines may be easily determined by
reference to the numerical data in the Appendix. (If
& =~ 0, this procedure may be difficult to apply.) Once &
has been found, J can be determined from any of the
line spacings involving R, R, R; and R..

Theoretical spectra for various J/8 ratios are given
in figures 17, 18, and 19 (see the Appendix for the
correspondence between the lines in these figures and
the numbering in tables 20 and 21). The mixed transi-

The general A, B, spin system will involve deter-
minantal equations of very high degree if both n4 and ng
are large. It is possible, however, to deduce a number of
useful facts about the general case without solving the
secular equations. Since the case np = 1 has been
completely solved, it will be assumed that ns > ng > 2.

Let us first consider the orders of the secular equa-
tions. These are determined by the product functions
A14,msBrg mz, Whose m4 and mz values sum to a fixed m;
that is,

m = ms + ms (54)
Since I and I} commute with 3¢, I, and I are fixed,
while

~Is<msa L 1a (55)

—Ig <mp<1Ip (56)

The largest value of m occurs when m4 and mp have
their maximum values I and Ip, so that

Mmex, = T4 + In (67)



398 P. L. CORIO

TABLE 20
Transitions in group A
Transition in the Limit as J —» 0 Relative Intensity Frequency
() 3
1. AsmasBiy = A3208B1a..ciiiiiiiiiiiiennt (—\/-—-*-\/::-—Q—l) e+ +R)
1+Qf
Ays,iaB11 = Ays,172B1t 2(0s + /2)2
2. , A CETETRTRRTTIIRTRLY _QTa__\{; 26 +3 + Re)
Az 1B1y = A1j3,-12B11 +Q3
- 2
3. Asps,nBra 2 Avya-snBiae.iiiinan M 4 — 37 + Ra)
1+4Q;
. AiaaBio — Ayz,a13Bro 2003 + /3(QuQs — I8 Yt + 20
AizasBioe = Alj,-12B10 a+ona +¢d
A12,113B1,1 — A1, -172B1,-1 2(4/2Q¢ — 1)?
- S —_———— $6 — 37 + Ro)
AlpaaB1,-1—Aln,-172B1,1 } 1+
Asy3,312Bo,0 — Asy3,1/2B0,0
Aas2,1/2Bo,0 — Asa,-1/3Bo,0
6. Ass2,-1/2Bo,0 — A3/3,2312B00 f..iiiiiiiieninans 12 H

Ai3,1/2B0,0 ~ Ay/z.-1/2Bo,0

Aiz.1/3Bo,0 — Alss,-13Bo,0

[v2a18 + (/3 + +/2Q1)ass + 2Qiass)?

7. AszanpBia - AspasBra. ool

s+as+3 -3R

14¢}
2 3Q1 — /2 — 2as3)?
8, As2.812B10 = A32,18B1,0. . ceiiiiiiiiiiiinanns /20 + (\/:Q_L Q,\/_)a” ad $4+0+ i +iR
i
9. A3/2.8/B1,-1 = A3/3,1/3B1,a1. v i i, [v/Basibia + (2az1 + 4/2a31)bas + (/312" + +/2a21)bes]? 0 — O
10. Asa/a,1/2B1,0 ~ Ass2,21/281,0. . e iviiiiiiiiiiaeann {+/3assb1z + (2622 + +/2082)b2a + (v/Ba12 + +/2622)ba2]? Q3 — O3
11, Asj2.-12B1,1 = A8/2,-38B1,1. i iveiiiiiiinnins [v/3assbir + (a3 + 4/2a28)ba1 + (v/3a1s + +/2a28)bm1 ]2 of —0s

[v/2b13 + (/3 + 1/2Q2)b2s -+ 2Qabast

12. Ag/z,.1/2B1,0 — Asi2,.812B1,0. ..o iiiai il

1+¢}
[v2Qab1z + (+/3Q2 — A/2)bas — 2bas]?

-0 =37 + 3R

13. As/3,1/2B1,21 = A5/2,.1/3B1,c10 cieeiiiiiiniiinnns

1+Q

5~0i — 37 — 3R

Clearly, there is only one such product function and it
is an eigenfunction of 3¢. The next largest m-value is
Mmax. — 1 and this occurs twice; once when mys = I4
while mz = I — 1, and again when my = I4 — 1
while mp = Is. The eigenvalues for these states are
obtained by solving quadratic equations. By continuing
this process one obtains the r 4 1 states

ma ms
I4 Ig—r
Ig—1 Ip—r+1
Ig—71 Is

with m = I4 + Is — r. If it is supposed that I < I4,
then 0 < r < 2I; otherwise, mp would exceed the
lower limit demanded by equation 56. The greatest
number of states with a given m occur when r = 2Ip

and this number is just r 4+ 1 = 273 + 1. The m-value
for all of these statesism — [, + Ig —r = I4 — I;.
This process can also be started from myn. = —I4 — I
and continued up to the 2Ip 4+ 1 states with m =
—1I4 + Is. However, this procedure has not accounted
for all possible spin states, since

21p
2?;‘,0 (r+1) =22z +1)Ip +1) (58)

The correct number is, of course, (214 + 1)(2I5 4 1),
and the reason for the above shortage is that the states
with

—Is+Ip<m<Is—1Ip

have not been counted. To account for these states
write the m4 and ms values as follows,

ma: Ia Ta—1 Ia—2----0J4a—2Ip
-1 =Ta4+1—-14

mg: —1Ip ~Ip+1----1Is
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TABLE 21
Transitions in group B

399

Transition in the Limit as J — 0 Relative Intensity Frequenocy
2Q1 — +/3)3
1. AspapBii — AsaanBro....ooeviniinnens -(l/-_—Ql—';-/—)— 36+ - R)
14+
Aiz1B11 — Ayza2Bio 2(+/303 — 1)2
2, } ........... —(—‘cg-?—,——)— 6+ 37 — Rs)
AiaaB1y = AlsasBio 1+Q
2 3Q3)2
3. Assz,.8/2B1,0 = As/g,-3p8B1,1. i, m 46 ~-4J - Ra)
1+Q;
g Btz dimaniie 201 + +/5@s + Qo He - Ro)
Aip,13Bia — Aips,.13B1e a+eda +Qd
A12,112B1,0 = A13,1/2B1, 1 2{(Qs —~ 1/2)Q4 — +/2Qs]3
5. etrieraaes TFoha +eH) 4(Rs — Ry)
AipapBio - AljsiBl,a 8 C
Ai2,-1/3B1,0 ~ A1a,-1/2B1,.1 9 + 4/3)3
6. } ........... % 36— — Ry
Aifz,.13B1,0 = Aljz -11aB1,m1 4
2 — /2 — 2a31)2
7. Agz2B10 — AsaaeBlat. i [v/2¢an + (\/1'50-*1_ Qg\/—)aﬂ o] s+ +17 + 4R
1
2 3 2 2 2
8. Asjz12B11 = AspaaBro.......... e /2 + (/3 T_?_/Q_?‘)a” - 2%iom) 40+ 37 - iR
1
2b 3 2Q2)b2 2Q2b31]2 B
9, Asa,-32B1a — Asp,-32B1,0.0.invnnnn.n cees b2 + (/3 :-_?_/Q-?ﬁ) L o 20sbu] §—0f — 3 +4R:
2
3Qab 3Qz — 4/2)b2z — 2bna)?
10. As/2,-1/2B1,0 ~ A3/2,-1/2B1,c1.civiiiiiinaans [\/—QE 12 + (\/-03 ,\/—) 2 sl 5 ~03 — '}J - %Rz
1+Q;
11. Asj2,.1aB1,0 = As/3,-1/3B1,c1. v i vninnenn, [v/3aasbia + (2328 + +/2a23)baz + (/3618 + +/2azs)baz]? Q3 — Qs
12. Ass2,1/2B1.0 = A3/2,1/3B1, 10 v v iii i [‘\/54!21718 + (2a22 -+ \/iaaz)baa -+ (\/galz + \/EGBS)bSB]’ 3 — Q2
TABLE 22
Mized transitions
Transition in the Limit as J — 0 Relative Intensity Frequency
2 3 2 2 2
1. As/a,1/2B1,1 — Ag/2,8/2B1,c1i v iviiiiiiannans [v/2a1 + (/' T_T_/Q?l)an + 2Giaa] s+ + }J — 4R
1
3 3Q1 — /2)azs — 2ass)?
2. AssiaBro — Agja,-1sBra. oo, [v/2Qua1s + (\/l‘Q_l'_ Q’v Jazs asil 840+ + 3R
1
2b 3 2Q2)b 2Qabsa)?
3. Asza/2Bi-1 = Aaz, 82810000 Ceeeaeen bv/2be + o/ T_?_/;S’) 2 + 20abas] -0 — 3+ 4R
2
3Qab — 4/2)b21 — 2ba1}?
4. Asse,-32B11 = Aspz,12Brat. il Lv/Z@sbu + (v/30s 2\/_) L 2) 58—l -3/ - 3R
1+Q3
5. Asz,82B1,-1 > Agz,-3i2B1a. i [\/§m1b11 + (2a21 + \/Eam)bzx + (\/Eau + +/2a21)ba1]2 o -0
6. As2,8/2B1,-1 = Ag/2,-1/3B1,0. 0 e il [v/3as1biz + (2a31 + ~/2a81)b22 + (+/3an1 + +/2an1)basa)? 0 — 1
7. As;aa;aBio > Asz3eBra....iiiiiiiea., [v/3asebn + (2az2 + A/2a32)b21 + (v/3a12 + 1/2a22)bs1]? o -
8. Asz,-1/2B1,1 = A3/2,1/3B1,cleeeienniiirannns [v/3as3b1s + (2a28 + ~/2azs)bas + (+/3a12 + +/2a28)bss)2 Q3 — 08
Ayjz,-12B1,1 = AizaaBr,a1 21 3 - /3]
9. } ........ . [ + /20000 — /2] —%(Rs + Ro)

Af3,-1/2B1,1 - Alja,1/2B1,1

a+ehHa +d
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F1c. 17. Theoretical A;B, spectra for the case of weak coupling.
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Fia. 18. Theoretical 4;B; spectra for the case of intermediate coupling.
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F1a. 19. Theoretical 4;B, spectra for the case of strong coupling.

Summing the m, and mp values that are vertically
paired, one obtains 275 + 1 stateswithm = I4 — Ip — 1.
Each ms value is now moved one place to the right
and the addition gives 275 + 1 states with m = I, —
Iz — 2. This process is continued until I is paired with
—1I,4 -+ 1. (The process does not start with — I paired
with I4 nor end with Iz paired with —1I,, since the
states with m — Iy, — I, —I4 + Iphave already been
counted.) The total number of spin states determined
by this process is

@Ig +1)[2(Ia — Ip) — 1]

which, when added to equation 58, gives (214 + 1)
(2 + 1), so that all possible states have now been
counted. These results are summarized in table 23. The
situation when I, < Ip is obtained by interchanging
I, and I in table 23.

From these results, it is seen that the interactions be-
tween states with spin quantum numbers 74 > Iz gener-
ate secular equations of degree 1,2, - - - + 2Ip + 1.
The number of determinantal equations of degree
(2Iz 4+ 1) is 2(I4 — Is) + 1 and there are two each of
the 1 X1,2X2, ... and (2Ig) X (215) determi-
nants. It follows, then, that the A.,B. spin system

(Is = 1,0) requires the solution of eigenvalue equations
of, at most, the third degree; the A,,B; spin system,
eigenvalue equations of, at most, the fourth degree; and
generally, the highest-order equations for the A, B.;
system are np + 1. If the statistical weights for the
states with given I, and Ip are not unity, then the
energy levels will be gr.grz-fold degenerate and the
calculated intensities must be multiplied by the appro-
priate statistical weights.

The above considerations show also that the general
A, ,B.; spectrum is a superposition of appropriately
weighted A ,,4 .2 spectra, whore ¢4 and gz have the
same parities (i.e., odd or even character) as n, and np.
It is, therefore, extremely important that the calcula-
tions for a given system be carefully indexed and stored
for use in more complicated problems. It is for this
reason that a completely detailed (but somewhat
clumsy) notational scheme has been employed here.

Let us now consider the eigenvalue problem when
I4 > Ig = 0. The highest-order secular equation is
2Ig + 1 = 1; that is, A1, m.Bo,0 i3 an eigenfunction of
3¢ with the eigenvalue mawa. A transition in group A
leads to a resonance at

Mmaws — (Ma — 1)ws = wa
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GROUP A H

J oo

Fia. 20. Experimental and theoretical spectra of the methyl group protons in ethyl iodide. The experimental trace is
that of the pure liquid at room temperature and 40 Mc./sec.

GROUP B H

§= 0.138

| | ]

Fig. 21. Experimental and theoretical spectra of the methylene protons in ethyl iodide. Except for the rate of sweep, the
experimental conditions are identical with those given for figure 20.
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TABLE 23
Spin states for product functions with spin quantum numbers I, <Ig

TABLE 24
Number of group A transitions for the An,Bny spin system

Number of
ma ma m States
Ia Ip Is +1Ip 1
Ta Ig -1
Ta—1 Ie } ......... Ig+1Ip -1 2
Ia ~Is
Ia -1 “le+1 Is = 1Is 2Is +1
Is —2Ip In
Is —1 —IB
P O SN Ja=Ig—1 2Ip 41
Is —2Ig -1 Ip
—J4 +2Ip 41 ~Is
iie ferseeenns —Is+Ip+1 2Ip 41
~Ia +1 Is
=Is 4218 ~Is
—Ii 1 Iop—1 [rorreeer —I4 +Is 2Ip 41
—-I4 I
—Is +1 ~1Is e -
—Ia ~In+1 } ......... Ia ~1Ip +1 2
—~Is —Is ~Ia = Ip 1

of intensity
(Ia +ma)(Ia —ma +1)

The total A intensity is then obtained by summing over
I4and my:

Z Z N <AIA""A—IBO-0| Iﬂ ArgmaBoo>
2 ™2
= Zzgu(h + ma)(Ia —ma+1) (59)
A M4

The summations are easily carried out (cf. Section VI)
with the result

2 2 g14 <A14ym4—lBO.0 | IZ | AIA-MABO|0> = 2%4"Iny (60)
A MMy

Upon setting ny = 1, 2, 3, one obtains the numbers
1, 2, and 12 which were found for the 4.8, 4:B,, and
A 3B, systems, respectively. Thus, if one of the groups
has an even number of nuclei, the other group has an
unshifted resonance whose intensity is given by equa-
tion 60. If both groups have an even number of equiva-
lent nuclei, then there are a pair of lines whose separa-
tion is exactly § = w4 — wp and whose intensity ratio is

2nA—l ﬂ

2715-1 np

Further, since the A,B; system is included in the spec-
trum, there are A and B resonances separated by 2J.
Hence, experiments at two values of the magnetic field
may permit the evaluation of J and § without recourse

n4 np N
0Odd 0dd (4 + 1)’("31;- 1ne + 3)
Odd Even W 1
Even 0dd na(a A+ 2)(nll;6+ 1)(ng +3)
Even Even Panp(y +2)(Me +4)

16

to detailed calculations. An example of such a system is
propane, for which ny = 6, np = 4.

As in the A,,B case it is possible to derive formulae
for the number of transitions in groups A and B. These
calculations are carried out as in the A, ,B case and the
results are given in table 24. (The number of group B
transitions are obtained from table 24 simply by inter-
changing n4 and np.) If in table 24 one sets np = 1, the
results previously derived for the 4,,B system are ob-
tained. Expressions can also be derived for the mixed
transitions, but they will not be given here.

VI. PERTURBATION CALCULATIONS

When the ratios Jgor /weer (weer = we — wer, G # @)
are less than unity, a perturbation calculation of the
line frequencies and intensitics may be appropriate (5).
For this purpose, the Hamiltonian is written in the form

3 = 3o + 500 4 30! 1
where

300 = —; welge (2)

Jo) = —;(; JG(;'IG:[G'. (3)

W= 530 35 Joor Ul + I6T9) @

3® is the zero-order Hamiltonian; that is, 3C©@ is
applicable when the groups are uncoupled. 3¢ is the
first-order correction to JC® when the groups are
coupled and 3’ includes all corrections of higher order.

The eigenfunctions of 3 are the product spin
functions

8+ - Iomg - - -im) = [ ] Groumo )
which are also eigenfunctions of I,, I4., and I%. Oper-
ating on ® with 3@ gives the zero-order energies

QO(e v e ) = _§mmna (6)

which depend only upon the mg.
For transitions in group @ one has the selection rules

Amg = —1 @
Alg= Amgpr =0 )
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and the associated frequency is
QO v omg—1-::) =A0(c - mg. ) = wg

Thus, there is but one line for each group of equivalent
nuclei. The relative line intensity for the transition
me—me — 118

| <@( - - Igmg — 1, -+ )| Ig|@( - « Igmg - - -)>|?
= (I¢ +mg)(I¢ —me +1) (8)

Now all possible group G transitions result in a single
resonance at wg independent of the total spin quantum
numbers. Therefore, the total (relative) intensity of the
group transitions is obtained by summing equation 8
over all mg consistent with I¢, and then summing over
a.ll I a:

Group G intensity
1g
= 9N-ng Zo;ﬂaga grelle +me)(Ig ~meg +1) (9)

The statistical factor 2¥—¢ iz the number of spin
orientations of the remaining N — ng nuclei. The sta-
tistical weights gry are given by the familiar equation

_ nel(ng — 2kg + 1)

910 = {no — ko + Dikal (10)

The sum over mg is easily carried out for integral or
half-off integral Ig, with the result

. . 2N-nq+l
Group @ intensity = 3

>r?-' Ie(Ie + 1)@2Ic +1) (11)

Substituting equation 10 into equation 11 and writing

Ig = % — kg, one finds:

or M@=l
2

. . . - 2N"‘0+l
Group @ intensity = 3 Z_-;l x
- _ {ng — 2k + 1)*nel
i—f ?-}-1) — ko(ne k0+1)§ (o — ko + Dikat 2

The summation may be evaluated with the aid of the
identity (15)

=3

wis

=1
* 3

nlln — 2k 4 1) .
= m—Frnur-? (13)

Using this result one finds:

Group G intensity = 2¥-1nq (14)
From this equation follows the familiar fact that the
ratio of the intensities of group K and group S is equal
to ng/ns. But note, however, that the proof is presently

limited to the zero-order approximation. In this approxi-
mation

Total intensity = ; -1 = NN (15)

When the

Jgg’

- «1
WG

a first-order perturbation calculation is indicated with
3™ as the perturbation. The product functions (6) are
eigenfunctions of 3¢ + 3¢, go that the first-order
energy levels are

QO( e emge )= — %; wemg +;<; Jaa'mmna'} (18)

From equation 16 and the selection rules the group @
resonance frequencies are

ﬂ(l)(. . -ma-.ln . .)—Q(l)(. cemMmg -)
=wg + > Jagme (17)
&7

Since the first-order energies are independent of the
spin quantum numbers, the correct number and fre-
quencies of the group G resonances result if one takes
me = Ie¢(max.), I¢(max.) — 1, -+ -+« —I@(max.),
where Ip(max.) = jne: is the maximum total spin
quantum number of group G'. It follows from equation
17 that the coupling of group G with group @’ results
in 2I¢:(max.) + 1 = ng 4 1 resonances in group G.
The intensity of a given line in the multiplet will depend
upon the number of ways in which m¢ can arise con-
sistent with the total spin quantum numbers of group
G'. If all the nuclei in G’ have spin 1/2, then equation 34
of Section II gives the degeneracy of me as

na’!
220—' - ma’)l (%0, + ma')!

(18)

From equations 17 and 18 it follows that there are
ne + 1 group G resonances, which are symmetrically
situated with respect to wes and whose intensities are
given by the binomial coefficients of ng.. If group G is
further coupled to group G’/, then each of the above
lines is split into ne + 1 lines whose intensities are
given by the degeneracies of the mg:, etc. In all, there
are

I1 (o + 1)

G'#G
lines in group G. Since the ®(- - - Igmg + - - ; m) are
eigenfunctions of 3¢ 4 3™ the intensity relations in
equations 14 and 15 are also valid in the first-order
approximation.

If the conditions
%2: «1

are not satisfied, second(or higher)-order perturbation
theory may be used. In the case of ethyl alcohol (9),

Jos’ 201
wGe’
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and an accurate analysis requires a third-order calculation. The second-order correction to the energy levels is

given by the standard expansion

2 ap (19)

where 7 and j refer to all of the quantum numbers (- -

- I¢mg - - ) of the unperturbed system and the

prime indicates omission of the term for which ¢ = j. The off-diagonal elements of 3¢’ are given by

<(§(. v Igmg .+ - Iovmallsc’l@(. oo Igmg — 1, “ .

Igme +1)>

= ~3Jae'{(Io = ma + 1) (Lo + mg) (Ie* — ma)(Ie* +ma* + 1)} (20)

and, upon substitution into equation 19, lead to the second-order energy levels:

QO(- - - Igmg- - +) = ~—> wolgs — Ge'mame’ — %, Ji“’ - {ma(I3) + Ia* — mg) — me'(I + Ie — my)} (21)
[ ]e] wag

The frequency of a transition in group G (Alg = 0, Amg = —1) is

1 Jagr
wg + ;GJ gemeg’ + 54

G — we'

{Ig(Ig* + 1) — mg*(mg* + 1) + 2meme’} (22)

The significant point here is that the second-order frequencies for group G depend upon the total spin quantum

numbers of all the remaining groups.

The calculation of the relative line intensities requires the first~order perturbed spin functions, which are given by

equation 23:

\II(.--ImnG.-.;m)=q>(...Imn.--’m)( l I( ! )
<d Ia:mar...;m)gc’q:t... GmG...)-m> . , . .
+; P mg- ) = Q- mg ) e( -« Igme sm) (23)
On substitution of the matrix elements obtained from equation 20, there results

‘) = . vy L _Joa'
¥+ Tomg- - im) = &(- - Iomg -+ jm) =523 31—~

X {F(mg")F(mg + 1)®(- - - Igmg +1,- - - Ig' —1,+ -« - ;m)
— F(meg' + 1)F(ma)®(- - - Igmg — 1, -+ - Ig'mg + 1,- -+ ;m)} (24)

where internal shift § = ws — ws > 0, equations 22 and 25

F(ma) = V(e +ms)(Is —me+1)

The relative intensity of a transition

V(o Igmg++ ) > (- Igmg—1+++)
is now obtained from
|<¥(- - Igmg+« )| IG1®( - Tgmg—1++)>]"

Evaluating the matrix element and retaining only the
first-order terms after squaring gives, for the relative
intensity,

o = ma +1)(Te +me) §1 — 33 2eemel  (z5)

GG We — W
From these second-order formulae two facts can be
deduced that will be of value in later sections. First note
that if wg — we > J ge, then the product spin functions
are good approximations to the stationary states.
Further, from equation 21 it follows that the interaction
between a pair of widely separated unperturbed levels
is negligible.

In the special case of two groups, A and B, with

reduce to

wa + Jms +§“ {Is(Ig + 1) —mp(mp + 1) + 2mams} (26)

and

(Ia — ma + 1) (T4 + ma) {1 - @)

2J mp
T‘%
From equation 26 or 22 one notes that the second-order
line spacings are of order J2/26 (unless Iz = 0) and
from equation 27 that the intensities of the transitions
in group A with ms < 0 are greater than those with
ms > 0. From equation 26 it can be shown that the
more intense lines are those which are closest to the
frequency wg, while the weaker lines are those displaced
away from wp in the direction of higher frequencies.
Examples of perturbation caleulations for two groups
are given in figures 2, 5, 9, 13, and 17, Parts (a) and (b)
are examples of zero-order and first-order perturbation
calculations; part (c) of these figures roughly corre-
sponds to second-order theory.

The perturbation formulae are actually seldom used,
since the present trend in spectral analysis is towards
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exact diagonalization of 3¢. However, perturbation cal-
culations can provide a convenient set of initial param-
eters for an exact analysis.

VII. SysteEMs wiTH THREE GROUPS OF
EqQuivaLENT NUCLED

A. SIGNS OF THE COUPLING CONSTANTS

The extension of the preceding calculations to sys-
tems with three or more groups of equivalent nuclei is
straightforward. There is one aspect of the analysis
that has previously been ignored but now requires de-
tailed consideration. This concerns the relative signs of
the (two or more) coupling constants (4, 5, 34). The
absolute signs of the coupling constants cannot (ordi-
narily) be determined from a high-resolution spectrum.
In the cases already studied, one may see the validity of
this theorem by writing —J for +J in the expressions
for the line frequencies and intensities. This sign change
does not alter the resonance spectrum and J may be
given an arbitrary positive sign. This theorem can be
demonstrated to hold for a set of nuclei with arbitrary
spins (192). To prove this, one uses the operator A
defined in Section II,B. Let

= —-A—-B ¢y

where —A is the Zeeman energy and —B is the coupling
energy. If the signs of all the coupling constants are
changed (Jjx — —J i), the Hamiltonian becomes

%'=—-A+B @)

Adding equations 2 and 3 gives:

3+ = -2 (3)
Now
[3c, A] = 2AA
hence
AXA — 3 = 2A (4)

Combining equations 3 and 4 gives a relation between
3¢ and 3¢’

AR = —3C'A )
Suppose now that {¢;} is a set of eigenfunctions 3¢ and

{Q:} the corresponding eigenvalues. From equation 5
it follows that

Ao = Qi(Ads) = —IC'(Ad:) (6)
Therefore, the eigenfunctions of 3¢’ are {A¢.} and the

eigenvalues are {—Q;}. If the transition ¢;— ¢; is
allowed, one can write

Frequency
2 Q; — Q;

Intensity

1Ch22

Transition
$i = b4

)

But
l <¢1‘|Z’Yl1=k'¢|‘>l’ =] <¢o’lz:7b!zkl¢1>|’
= | <¢.~|Z)-YEI,,,IA'¢,~> [1=| <A¢d|27hlzklA¢,->[’ )

upon recalling that A2 =1 and [A, Ix] = 0. From
equation 7 one can write for the spectrum defined by 3¢’
Intensity

(oo

which proves the theorem. The only assumption made
in this proof is that the Boltzmann factors are so close
to unity that they may be omitted in the calculation of
relative intensities.

Since the absolute signs cannot be determined, only
the relative signs require consideration. For example,
with three coupling constants there are four sign possi-
bilities: (+ + +), (+ + —), (+ — +),and (— + +).
In general, for n coupling constants there are 271 sign
possibilities.

Frequency

P(-00) = (~9)

Transition
Adj—rAd;

B. THE ASYMMETRICAL THREE-SPIN SYSTEM (4 BC)

The simplest system with three groups of equivalent
nuclei has ny = ng =ne¢ =1 (28, 34). The Hamil-
tonian operator is

L= - ‘gwAIA- + wplp, + welos + Jaslasln: + Jaclaslcs
+ TaoIsales + 3T a5 (U515 + I5I5)

+ 3ae Tl + IGI) + JaeT30; + 51} ®

Since the problem has no symmetry, the simple product
functions may be used as a basis. The functions
aca (m = 3/2) and BB (m = —3/2) are eigenfunctions
of 3¢ with the eigenvalues
<1/2,1/2,1/2{3¢|1/2,1/2,1/2> = @,

= —%%wa + wp + we +%(JAB + Jac + JBC); (9)

<-1/2, —=1/2, —1/2{%} ~1/2, —1/2, —1/2> = 04
= —%;—-wa—ws—wc +%(JAB+JAO+JBC)% (10)

The quantum numbers in equations 9 and 10 refer to
ma, ma, and me (I4 = Ip = I = 1/2). The states with
m = =£1/2 generate 3 X 3 submatrices of 3¢ whose
matrix elements are:
<1/2,1/2, —1/2|3¢]1/2,1/2, —1/2>

= —%{cu + wp — we +%(JAB = Juc — ch)% (11)

<1/2, —1/2,1/2|3¢|1/2, —1/2,1/2>
= —%3404 — wp + we +%(_JAB + Jao — Jsc)z (12)

<—1/2,1/2,1/2|3¢}—-1/2, 1/2,1/2>
= —%; —w4 + wp + we + %(_JA.B - Jac + Jac)% (13)
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(2)
We (24" /N
&) p—Jac— ~iJpch- F—=Jac—
11 i |
we ) &g ) /N -
R Wy @
F1e. 22. The asymmetric three-spin system for (a) vanishingly small coupling, (b) first-order
coupling effects, (¢) second-order frequencies and first-order intensities.
<1/2,1/2, —1/2|3¢|1/2, —1/2,1/2> TABLE 25
= <1/2, —1/2,1/2]5¢|1/2, 1/2, —1/2> = _%JBC (14) Transitions and frequencies for the ABC spin system
<-1/2,1/2,1/2|3¢|1/2,1/2, —1/2> Transition in the Limit J — 0 Frequency
= <1/2,1/2, ~1/2%]-1/2,1/2,1/2> = =3Juc (15)
Group 4
<-1/2,1/2,1/2{3¢|1/2, —1/2,1/2>
B - =128 C1/2.1/200evecinnnns -0
— <1/2’ _1/2' 1/2|JC| _1/2’ 1/2, 1/2> = —%JAB (16) A12,12B1/2,113C1 13073 — Avse,-1/2B1y 12C113,103 Qs 1
A2,172B112,112C 13,2173 = Ayy2,-1/3B172,1/2C1/2, 1/ e v v vu e Q6 — 22
<=1/2, =-1/2,1/2|3¢|-1/2, —1/2,1/2>
/2, 1/ / ] l /2 /1 1/ A12,1/2B1/2,2172C1 12,142 — Ay, ~113B13,-1/2C1/2,1/2. oo ian s Qs — Q3
= —53 —wa —wg +oo +5(Ju — Juc — JBC); 17
Ar/aaBuz,-1/2C2, 2172 — Aiyz,—1/2Bu2,-112C113,21/20 00 e i Qs — M
<=-1/2,1/2, —-1/2]3¢| —-1/2,1/2, —1/2>
1 1 G B
= —5{—ws +wp —we+5(—Juap +Jac — Jec); (18) o
2 2
<1/2, —1/2, -1/2|3%|1/2, —1/2, —1/2> An3,1/2B12,12C 2,172 = A2 13Bys,172C1/2.8/2. 0 e e e n Qs — M
= _égw‘! — wp — we + %(—JAB — Jac + JBC)% (19) . AysaneBi212Cuz,-13 = A1/3,1/3B1/2,-1/2C1/2,21/2. e een o Q7 — Q2
Ais.-1/aB1y2,1/3C19,1/2 ~ A2, -1/2B172,21/2C1/2,1/8. . v eu e Q5 — D
The remaining off-diagonal elements are obtained from A1/2,-173B1/3,13C12, 172 = A172,-1/3B12, 12012, 120 v vennn| Q8 = Q8
equations 14 to 16 simply by changing the signs of my,
mag, and me. The eigenvalues for the m = -- 1/2 states Group C
will be denoted by Q,, @3, and Q; similarly Qs, Q, and Q;
will be used to denote the eigenvalues forthem = — 1/2 A1za2B17312C03.2 = A13,1/3B17212C12, /2.0 ceeene s 03 — 1
states. The relation between the transition types and A172.12B172, 1/2C172.1/2 — A1/2,1/2B1/2, 1132012 s ren Qr - Qs
the Q@’s is shown in table 25. Since this system involves a
. . . . . . Aij2,-1/2B12,12C 2,2 = A1s2,-1/2B1/2,1/2C112,-33. 0 v oo ve e Q6 — Q4
pair of cubic equations containing six parameters and
four choices of sign, numerical techniques are preferable + AvzanBizanCiaan = Ave1nBizanCis,a.. ... Os — 05
to the (clumsy) closed form solution. Some insight into : -
the structure of an ABC spectrum can be obtained by Mixed transitions
examining the results given by the perturbation for-
. Ai/3,1/2B172,112C1/3,-1/2 = Avja,172B12,2C1133/2. 00 vu e Qs — Q3
mulae. In the absence of coupling there are only three
lines, each occurring with equa]_ intensity (ﬁgure 22&) Au/2.172B1/2,-1/2C173,1/3 — Az, 12B173a2Cuy2, 2113000 0evne Q6 — Q1
In the first-order case (figure 22b), there are twelve lines Ayz,-1/3B1/2,1/2C /2,173 — A1/3,1/2B1/3,-1201/3,1/3. v vernns . Q7 —

(three quartets) and all lines are of equal intensity. It
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TABLE 26*
Second-order frequencies and first-order indensities for the ABC system
Transitiont in the Limit asJ — 0 Frequency Intensity
2 J’
ST wa + 3(Jan +hc)+1{ﬂ— +—‘°—} g - Jam | Jae
4 wa —wB w4 ~—wC WA — @B WA — WC
2 2
B e w4+;(m—.uc)+1{#‘i— +——Ji—} PP L RN/
4|wa —wB  wA —aC WA — wB WA ~— W
3 2
T N wa + $(=Jap +Jac) +1{ﬁ— +—i‘—°—} L s Jae
4| wd —wB w4 —aC w4 —wB w4 — @O
2 3
TN wa — $(Jap +J4c)+-1-{ "“—+-"4—°} L pJar_ _Jac
4{w4 — wB WA — &C WA —WB WA = &C

¢ The frequencies and intensities are for group A; the results for groupa B and C are obtained by cyclical permutation of ABC.
1 The numbering of the group A transitions correaponds to that given in table 25.

can be seen from figure 22b that in a given group G
(i.e., a quartet) the first and second lines have the
separation Jge, and the first and third lines have the
separation Jgg+. If the signs of the coupling constants
are changed in turn, the spectrum is unaltered and only
the magnitudes of the J’s can be obtained from a first-
order spectrum. The second-order frequencies and first-
order intensities are given in table 26 and are shown in
figure 22c. Here it is seen that the intensities are dif-
ferent in the first-order approximation. (It is to be
noted that by “first order” one means first order in
Jear/wgar, not first order in I..) Further, from table 26
it is seen that the spectrum still has the property of
constant spacings. In fact, the general ABC spectrum
has this property. To see this, consider the following
differences obtained from table 25:

Al —A2=Q(— 0, — Q%+ Q20=Cl -C3=aqa

20
A3—A4=Qs—ﬂz—ﬂa+ﬂ1=c2—c4=al ( )

These separations are in fact equal, for
a~—a =~ 4 @+ B+ — @+ %+ Q) +0

and the sums in parentheses are just the diagonal sums
(i.e., the traces) of the 3 X 3 submatrices with m =
+1/2. From equations 11 to 13 and 17 to 18, one finds:

Q 4+ Q + 24

%g“"‘ — wp — we +%(JAB + Jac + Jac)z
Qs + Q5 + Qs @1

= %‘3“’4 + wp +we + %(JAB + Jac + Jac)s
Substituting for Qi, Qs and the traces, it follows that
a — a’ = 0. Similarly, one can show that
Al — A3 = A2 - A4=Bl1~B3=B2—-B4=b (22)
Bl—-B2=(C2-Cl=B3-B4=(C4-C3=c¢ (23)

Thus, the groupings (AC), (4B), and (BC) have com-
mon characteristic splittings which, if observable,

enable one to divide the spectrum into three quartets.
The magnitudes of a, b, and ¢ are useful approximations
to the coupling constants (@ =~ Ja¢, b = J 45, ¢ == J pe).
There are, however, exact sum rules (28) for the cou-
pling constants which are easily derived from table 25
and equations 20 to 24. It is first noted that although
a, b, and ¢ are line spacings, a sign can be given to each
of them. For example, if wa1 > was, a > 0; and if
wa1 < was, then a < 0. Now if the sign of one of the J's
is changed, the assignments of the corresponding lines
(i.e., those lines with the associated characteristic
splitting) are interchanged. Therefore,

[Jap + Jac +Jec|=|a +b+c|ifall Jege' >0 (24)
|Jag + Jac +Jecl=]a+b —c¢|if Jae <0 (25)
{JaB + Jac + Jpc|=la —b+¢c|if Jap <O (26)
|Jag + Jac +Jpc|=]—a +b+c]if Jae <0  (27)

Thus, for & given assumption about the relative signs,
one parameter can be eliminated from the problem.
There is a similar sum rule for the chemical shifts which
is obtained by summing all the frequencies in table 25:

ZQi; = wa + wp + we

This sum depends upon the frequency origin but the
difficulty can be removed by measuring all lines relative
to some standard reference. The real problem with
equation 27 is the observation of all the resonances.
Another sum rule can be obtained (19) by summing only
the frequencies in groups 4, B, and C:

2. 2@, = 4{(aws)r + (Awp), + (Awc)]  (28)

where (AX). indicates the measurement of the fre-
quency X relative to some reference r. Now the twelve
lines for groups 4, B, and C are frequently resolved so
that if two shifts relative to r are known or assumed, the
third shift can be calculated from equation 28. In the
case of protons, deuterium substitution can be very
useful in this connection (19b).
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TABLE 27
Eigenvalues and eigenfunctions for the ABX .y spin system

Eigenfunction

Eigenvalue

A1/2,3/2B1/2 113K L T e vs st e i e e

1

.\/—_—;T { Ayza/aBys, -1z + le.-xAm.-I/zBm.m} X g g ceennceerorenanen

1 +Q—X

1

V1 +Qix

A1/2,-3/8B1/2, 12X I E R e e v vve it et e e e e

{le.-xAm.l/zBuz,-l/z - Am.-me/z.x/z} XIXME evvrevereroenonns

—%{wa +wB + 2mxex + §748 -+ mx(Jax + Tsx)}

—}{2mxwx — $J48 + Rux}

—}{2mzox — 4748 — Rux}

—3{ —ws — wp + 2mxwx + 4748 — mxWax + JBx)}

¢. THE ABX,; SPIN SYSTEM

Considerably more progress is possible with three-
group systems if one of the groups has a chemical shif
which is large compared to all other parameters; that is,

lwx — wal, |wx — wp| > |ws —wp|, Jap, Jax, Jex (29)

In this case, the results of second-order perturbation
theory show that only zero-order states of comparable
energy (that is, states with the same values of m and
mx) can mix. Hence, those product functions which
have different values of mx are good approximations to
the correct stationary states even if they have the same
m-value. For nx = 1, one has, for example, the case of
two protons coupled to another proton (11) or a fluorine
nucleus (33, 92). Solutions have also been given for
small nx (17, 27, 56). It is, however, very easy to write
recursive formulae for the general case (19a), and this
will be carried out here rather than discussing individual
cases.

The spin functions for a particular value of mx are

Arza2BueainXizamgy Avsic12Bus—12X 15 mz,
AjssaaieByz 18X 1ymzy Avz—12Bi2ai2 X 1gmy

From the general mixing rules and the perturbation
approximations only the last two functions mix. The
algebra is straightforward and the results are given in
table 27, where

Rz = V5 + mx(Jax — Jx)I? + J3p (30)

Qg = Jam
™ 8§+ mx(Jax — IJBx) + Rax

@31)

Since there are 2Ix + 1 values of myx, it follows that
table 27 gives (nx + 1)(nx -+ 3) eigenvalues and eigen-
functions for nx odd and n% + 4nx + 4 for nx even.
The calculation of the relative intensities and frequen-
cies for allowed transitions is carried out as in the 4,,B
system and the results are given in table 28, where g5 is
the statistical weight of Ix.

From table 28 one notes that if Ix = 0 then the
ABX,x system reduces to the simple AB system. For
Ix =1/2, gix = 1, mx = £1/2 and the ABX system

with fourteen lines results. If Ix = 1, g1y = 1, mx =
1,0, —1 and the system reduces, for example, to that of
two protons and a deuteron. Other cases are obtained
by substituting the appropriate values of I'x, mx, and
grx.

The ABX system can often be useful in the analysis
of ABC systems even if the conditions 29 are not
strongly satisfied. This approximation will give better
values for the coupling constants than the usual second-
order perturbation theory and may even provide infor-
mation about the relative signs of the coupling con-
stants. The ABX system is most accurately applied
when vyx # v4 = vs, as in the case of protons and
fluorine, and has been extensively applied to substituted
fluorobenzenes (33).

VIII. GRouP THEORETICAL TECHNIQUES

A. SYMMETRIZATION OF SPIN FUNCTIONS

In the discussion of the A4 ,B spin system it was noted
that whenever the molecule under consideration is sym-
metrical, additional factoring of the Hamiltonian will
occur if the zero-order spin functions are chosen prop-
erly. For the 4,B case, the correct spin functions were
obtained by elementary considerations; in more com-
plicated cases it is convenient to employ standard group
theoretical techniques (47, 53, 93, 94). The procedure
amounts to forming symmetrized linear combinations
of product spin functions and classifying them according
to the symmetry species (irreducible representations) of
the group. One-dimensional representations are denoted
by @ and ®, while higher-dimensional representations
are described by & (two-dimensional), ¥ (three-dimen-
sional), ete. The factoring of the Hamiltonian follows
from the well-known group theoretical result (47, 94)
that there is no mixing between states which “belong’’
to different symmetry species. Of course, in each sym-
metry species there is additional factoring according to
z-components of total angular momentum.

The symmetrization of spin functions will be illus-
trated by considering three spin 1/2 nuclei situated at
the vertices of an equilateral triangle. The point group
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TABLE 28

Resonance frequencies and relative intensities for the ABX .y spin system

Transition in the Limit as AllJ — 0 Intensity Frequency
A transitions
gry(1 — K
Aysa3B1naaXixmy ~» Ays,1pBinaaXixme.oivnine. %—Q%ﬂ- $wa +wn +J48 + mxUar +Jex) + Rax}
mX

Ais113Bis,-13X1xmx — Aspg,aanBiys,1nXigmg.eeenn.s

91x(1 + Qmx)?
1+Qix

${wa +ws —Jan + mx(Uax + Jbx) + Rax}

B transitions

01x(1 + Quyx)?

Ays12B12,113X12.mg = A113.112B12, 13X 1 g g0 v innn T a ${wa + wp + Jap + mx(Uax +Jarx) — Bux}
x
rgl — "
Ay, 12B1paaa X1z mx = A173,-12B173, 32X 1x Mg enennn. E;—"_Q;’:“i ${wa + ws — Jun + mx(Uax +JBx) ~ Rux}
{ }
X transitions

Ayz,-172B172,12X1x mx — Av2.-12B13.13X11mx 10 ieies

A3,172B112, 12X 13wy — AsanBis, 18X 1xmx-1.eees...

A2a12By2anX1xmy — A173,1/3B1/3,13XIxmx 1. ceeenenan

Ay2,12B12,212X1xmx — A1a,212B12, 18X 1xmx 1. ..o

o1xUx + mx)(Ir = mx + 1)(QuyQux-1 + 1)3

(1 +Qax)(1 +Qir-1)
orz{Ix + mx){Ix — mx + 1)(QuxQur-1 + 1)1

(A +Q3x)1 +@2x.1)
oix{Ix +mx)(Ix — mx +1)

o1x(Ix +mx)(Ix —mx 4 1)

${20x + Rmx-1 — Rux}

${20x — Rmy-1 + Rux}

3{2ux + Jax + 5z}

${2wx — Jux — Jnx}

M tranaitions

Az 12Bi2,12Xixmy — A1,c18B12,3 83X 1xmy 1. ennnnn .

Aiz,212B132X 15 mx — Ay2aB1a,1aX1rmx-1..ee.....

rxUx + mx)Ix — mx + 1)(Qur — Qur-1)?
(1 +Q3x)1 +Qixr.1)

rsUx 4+ mx)Ix — mx + 1){Qaxr — Qur-1)?
(1 + Q21 +Q3ra)

${20r + Rux-1 + Baz}

4 {2z — Rux-1 — Rux}

is D; and its symmetry elements (operators) are as

follows:

E = the identity operator,

From equation 1 and table 29 one obtains

x(E) = 8; x(A) = x(B) = x(C) = 4; x(D) = x(F) = 2

A, B, C = reflections in the planes passing through
the three vertices and perpendicular
to the sides opposite these vertices,

D = in the plane rotation by 120° and
F = in the plane rotation by —120°,

Operating on the eight spin functions with the group
elements one obtains the results given in table 29. (The
abbreviations for the spin functions are those given in
table 2.) From table 29 a matrix can be defined for each
of the group elements. This matrix representation is
reducible (47, 94), and its reduction can be expressed in
terms of the irreducible representations of Ds. To do
this, one requires the characters (i.e., the diagonal sums)
of the group operators which are obtained from the
formula

x(R) = 2 <wi|R|us>; R=E, A, - -« ey

The characters of the irreducible representations of Dy
are given in table 30 (94), and the reduction of the
product function representation is determined by the
equation (47, 94)

n(?) = -1-

x™ (R)x(R) 2

TABLE 29

Transformation properties of product spin funclions for three spin
1/2 nucles under the D; point group

U1 ua u3 u4 us us ur us
) u1 us us 4 us us u? us
- ut us uz tH us u7 us us
2 F u1 % us uz ur s us us
Crvvvvnevnnnnnnn ("} us U4 us ue us ur us
5 T U1 us us us ur us us us
U Ul Uue us us us ur us us
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TABLE 30
Character table for the point group D,

Ds E A B (o] D ¥
Qliviennn.. 1 1 1 1 1 1
@aeiirnrnnnn 1 ~1 -1 -1 1 1
Buivrrninns 2 0 () 0 -1 -1

where n® is the number of times the representation v
occurs, x(R) is the character of R in the (irreducible)
representation v, and g is the number of symmetry
elements in the group. From the characters in the
product representation and table 30 one finds

n<m=%1s+4+4+4+2+2;=4
n<u>=%{s-4-4—4+2+2}=0
@ =%{1e—2-2}=2

that is, the product representation, I', contains @; four
times and & twice. The reduction of a representation is
often expressed in equation form as

r= an., 3)
T

which, in the present case, is
I = 4@; + 28 (4)
It should be noted that if d, is the dimension of v, then
2ondy =TI +1) )

For the case under consideration this is easily checked,
since4 X1+2X2=(2-344+1)*=8.

The spin functions with the @; and & symmetries are
easily determined with the projection operator (47):

Ny = ;x"” (R)R (8)

The operator 7, acting on a set of spin functions extracts
sets of linear combinations with the symmetry of v.
Consider the operator

7m=E+A+B+C+D+F ™)

Operating on the u; with 7, one finds (omitting multi-
plicative factors) the following linear combinations:

U1
Fus+u
s + s + u;} ®)
us

It is readily verified that these functions are symmetric
with respect to all of the group operators. Similarly, the
projection operator

m=2E—-D~F 9)

yields the six functions:

214: - Us — U4
2u; — Uy ~— U
2u4 — Us — U
2u; - Us — U1
2u¢ - U — U1
21.‘1 - Up — Us

However, equation 4 states that only four functions
“belong’’ to the symmetry species &, so that the above
functions are linearly dependent. By inspection, it is
easily seen that the first three functions sum to zero and
one may take any pair (or two linear combinations of
any pair) as two of the functions with & symmetry.
Similarly, the last three sum to zero and any pair of
these may be taken for the remaining two & functions.

Since the three nuclei are equivalent, one could also
require that the symmetrized functions be eigenfunc-
tions of I% This simply leads to the usual eigenvalue
problem which, when solved, yields the (normalized)
functions in table 4. In general, the 2" spin functions
which are eigenfunctions of I, and I? must also trans-
form according to the symmetry species of D,. The
functions in table 5 (n = 4) were derived by this
procedure and it will be found useful to carry out the
detailed calculations.

Before considering a symmetrical spin system, it
should be noted that the point groups required in
nuclear magnetic resonance spectroscopy are usually
simpler than those required for the same molecule in
other connections. For example, the correct group for
the normal vibrational modes of three equivalent nuclei
is D3p. In the nuclear magnetic resonance case only the
equilibrium positions of the nuclei are really pertinent
and the correct group is Dj. Strictly speaking, it would
not be incorrect to use D, but this group has twice the
number of elements in D; and the calculations would be
unnecessarily elaborate.

B. A FOUR-SPIN SYSTEM WITH C; SYMMETRY

Molecules whose equilibrium configurations have a
twofold symmetry axis are described (for purposes of
nuclear magnetic resonance) by the C, point group.
Examples of such molecules are 1,1-difluoroethylene
(63), thiophene (19b), furan, pyridine (84), o-dichloro-
benzene (7, 63), etc. Consider the case of four spins,
none of which lie on the C; axis. Using thiophene as a
prototype system one has, by symmetry,

HA HA'

w4 = wa’

wp = wp’

Jap=Jag =J (10)
Jap' = Jagm= J'
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From equations 10 the Hamiltonian operator is

= - ?WA(IA: + 14%) + wp(Ips + Ip')
+ J(IA’:IB’: + IAIIBl) + JI(IA'aIBs + IAIIB'l)
+ Jaladas + Tslsalsts + 3(alz + J'T5 + TI) I
+ 3T + TG +5Wali + T + T I
+ %(JI; +I'IENI; + %JB(I;I;' + I;I;')§ (1)
where J4 = J44- and Jp = J 35
The symmetrized spin functions are derived as above.
The group C; has only two elements E and C, and there

are only two irreducible representations (94), @ and ®.
The required characters are

X.(E) =1 Xe(Co) =1
o (E) e (Cs) a2)
Xs(E)=1 Xg(Ce) = ~1
and the projection operators are
ne = E 4+ Cs
13
s =E ~C, ( )

Upon calculating the characters for the product func-
tion representation, one finds that

I = 10a + 6® (14)

that is, ten of the symmetrized functions belong to the
symmetric representation and six belong to the anti-
symmetric representation. The projection operators
may be used to determine the functions explicitly and a
symmetrized set is given in table 31. This set is not
unique since, in a given representation, one may con-
struct linear combinations of spin functions which also
belong to the same symmetry species. The subscripts
affixed to the symmetry species in table 31 give the
m-~values, and it is at once evident from these m-values
that the Hamiltonian matrix factors into one 4 X 4
(@ species), five 2 X 2 (two from @, three from ®), and
two 1 X 1 (@) submatrices. The 4 X 4 submatrix is

= +30 +0) — Ui+l U+
—%(J‘i‘J') _"]_i(JA'{'JB)

0 ~La+

1 , 1 )

2 - 30—

As before, let @4, Q,, @3, and 24 be the eigenvalues and
a = (ai;) be the diagonalizing orthogonal matrix. The
eigenvalues are such that

Q= —b+ 50+ T) = 2a + T5)
= ~3(a + J5)
2 s + 30 I = 3Ua+JT8)

2204+ J5)

P. L. CORIO

TABLE 31*

Symmetrized zero-order spin functions for four spin 1/2
nuclei with Cq symmelry

Spin Functions Symmetry
QUL o e v v v 4 et v e tee et srasesassasossessonsansnnsaosaaass (@)z2
L(awuxﬂ + aapa) 1@
730 Famba)
'—\/_—(aﬁaa B 27 7= 3 1 PPN 2(ah
L -7 T 1(a)o
$(aBaB + affa + Bafa +PacB).. ..ot 2(@)o
L PR 3(a)
$@BaB — aBfa + faBa — BaaB) vt 4(ade
1
\/é(aﬂﬁﬁ - - ) U 1(@)-1
1
\/E(ﬁﬁaﬁ BB . ittt i ittt aaes 2(@)-1
7 - 2 (@)-s
-\;_—2(aaa5 L7 T RO 1{®)
~—(apaa ~ faaa) 2(®)
ﬁ apao OICEE) o o s c s s s aast s bbb e s s s et s b e s 1
$apap — affa — Pafa +BaaB).civereeeeee s, 1(®)o
$aBaf + affa — PaBa — BaaB)....coviiiiiiiiian, 2(®)o
1
\/E(aﬂﬁﬁ ~BaBB). et P PP 1(®)-1
1
— Ll 7 1= = 2 2(®).-
\/E(ﬁﬁaﬁ BBBa) (®)-1

* The product functions are ordered according to the scheme A’ABB’,

1o
0 —-2-(.] - J)
Lo 1,
10+ Lo~
o430+ -0t} 2o -0
—3@ = S(Ta+ J5)

as the off-diagonal elements of 3¢ — 0. The remaining
eigenvalues and eigenfunctions require the solution of
elementary equations and the results are given in
table 32, where

8=ws—wp>0
RBi=+V(@+Ja—=Jde)+ (T —JN
Re=A(Ja—=Js) + (J —J)2
Ri=~(6 —Ja+Jp)?+ (J —J)
Ri=VE+ ([T +J)
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TABLE 32

Eigenvalues and eigenfunctions for four spin 1/2 nuclei with Cy symmetry

Eigenfunction

Eigenvalue

1
m {1@1 +Qu2@nl}.veevnieiniiin.
4

1
g @) = 2@
4

a11{1(@)o] + a21[2(@)o] + a31[3(@)o} + a41[4(@)0]
a12{1{@)o] -+ a22[2(@)o] + as2[3(@)o] + aeal4(a)o]
a13[1(@)o] + a23(2(@)o] + a433(3(@)o] + ass4(a)o]

a14[1(@)o] + a24(2(@)o] + a34[3(@)o] + as4l4(@)o]

—{wa +ws + 30 +J) + 104 +78)}

—${os + B + 34 +J8) + Ra}

—4{ws +wB + $(Wa +JB) ~ R4}

Q1
Q2
Q3

Q4

1
-\_/Tﬁ {1@)a1 + Q2@ )} v
4

1
Z-T—&{le(a)_x] 2B 1) e
4

1

——{1(®B1 + Q2@ ceriiriiniiee Ceeteieeeereriterettineae

1+Q3

.............

.............

'\/ .............
1
ﬁ {QULEBN] = 2B} vrreveiiiiiiers i riiereitarrasisasennsasens
1
Vo H® F QRG] e

.............

${wa +ws — 34 +JB) — R4}

${ws +wB = $(Ja +JIB) + Rd}
wd +ws — 3 +J) - s +TB)

~$lws +wp — §Us +7T5) + R}

—3{wa +ws — W4 +J8) — Rl]

${3W4 +78) - R}

{34 +JB) + Ra}

${ws + o +3(Ja +J8) — B3}

${wa + ws + 44 +J8) + Rs}

—1—1+——-F,'{1((B)o 106 T | O S N
2
1
\/I-TQ;{Qzll((B)ol B )Y PP PP
2
\/I_l-i-—Q’ {1(®)e1 + Qal2(®)=1)} v invveisranstirrnnnsseserionnaessssnannens
3
1
Viia {Qa1(®)1) — 2(@®)1).....ee Tieereeeetecserrrnnnssnetsartnesrane
3
0 = J ~J
VT e+ Ja—Js+ R
I
T (Ja—=J8) T+ R
0 = J -J
' 5 —Ja+Js + R
_J+J
Q= >+ B,

The resonance frequencies and relative intensities are
given in table 33. Since the spectrum is symmetrical
about #(ws + wp) only fourteen of the twenty-eight
possible lines are given. (The G and ® transitions in
these tables refer, of course, to symmetry species, not
groups of equivalent nuclei.)

From table 33 it is clear that the transitions 1, 2, and
their images constitute a quartet which is similar to the
AB spectrum except that J is replaced by J +J.
Hence if these lines can be identified, one may obtain
s and |J + J'| exactly. The symmetrical nature of the

spectrum may make the identification of these lines
difficult and if § ~ 0, the identification may be im-
possible. There are, however, eight ® transitions in-
volving R;, By, Rs, Q1, @2, and Q; whose intensities and
frequencies are expressed in closed form and additional
information may be obtainable. In general, it is best to
“guess” a set of parameters and test them with the
twelve explicitly known @ and ® lines, using the
experimental data. If the fit is reasonable, the param-
eters can be used to diagonalize the 4 X 4 matrix and
be checked in detail. If computers are available, the
problem of fitting a spectrum is almost trivial.
In the special case where J = J’,

Q=24+ T5)

and the system reduces to the A,B; system already
considered. Further, for J4, J5, J'— 0, the system
reduces to the superposition of two independent AB
spin systems. Another special case of interest occurs
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TABLE 33

Resonance frequencies and relative intensities for four spin 1/2 nuclei with C, symmetry

Transition in the Limit as All Jiy = 0 Intensity Frequency
@ transitions
2 2
1o 1(@)a1 = (@) e nronennrarsannnrerennriennenns w ${ws +wp = (J + ) + R4}
1 + Qq
2(1 — 04)3
2. (@2 = 2@ 1eeurirerreerrrerrriaeiriineraia —(i—L;) Hoa +or + 0 +79 + B}
+ Q4
8. 1{@)0 = 1(@)lereruenerarnrnansassreernennnnons T +Qzlau + (1 + Qu)azr + Quan)2 ${ws +ws — (4 +J8) = Re — 2}
€0 @)L = 2(@)00u et ieeanerennnnrenerserneranenes T +tam + (1 + Qu)ass + Quasal? ${wa +ws + HJa +758) + Bs + 223}
Be 1(@M = B(A)0 tevurrrrneneenrennriraneneieianan o Q,tm + (1 + Qu)aza + Quass}? 3Hoa +ws + 4s +78) + Be + 201}
2
6. 1(A)1 = 4(@)0. v rverreneirieaierererianraniaes W[au + (1 + Quaze + Quase? ${ws +wn + $Us +78) + R + 204}
4
70 @) = 2@t inriiiinein i e 1 _I_Q,IQ«an + (@1 — Dan ~anl? Houa +ws — 30a +78) + Be — 301}
2
8. 2(@)0 = 2(B) it ieiaiie e e TQZ[Q;GJ: + (@s — 1)aza =~ azz)? ${os +ws — $Ja +J78) + R — 202}
4
9. 2(@)1 = 3(@)0u .t enrerenerririraaieereeraaaraes N +Q,(les + (@« — l)azs — assl? $lus +ws + 8Ja +J8) — Be + 2}
2
10, 4{B)0 = 2(@)mderssrrrerrsrsnononnininiinenens 1—-+—Q2[Q4an + (Q¢ = 1)aze ~ as)? ${wa +us = 30 +78) + Ra ~ 204
4
® transitions
2(1 + 1Qs)3
10, U®BYE = 10t v evreneeasnenrenenesronsnnoncns T+eha + @) 4{od 4 wB + B1 =~ R}
2(Q: — 1)2
12, 1(B)1 =+ 2{®)0. « « e vvvvenurnrononvonrnsronsons T e 1 ab) &{ws + w5 + R1 4 Ro}
2(Qz + Qu)?
13, 2(B)0 = 2(®) o1 v v v vrreeire et T +aD 4{wa + s + Rs — Rz}
201 — 2
14, (B0 = 2Bt e vurnvnnrenererenoesennnnan '(—Qz‘qa—)"— }[«u + o5 + Ry 4+ R:;

(1 +ehu +@H

when § — « as, for example, with 1, 1-difluoroethylene

(53). In this case, the only mixing of zerc-order spin
functions occurs between 2(@), and 4(Q)o, and 1(®),
and 2(®)o. The 4 X 4 factors into two 1 X 1 and one
2 X 2 submatrices and one finds the eigenvalues:

=~ +50 + ) = Ua+T8)

= 3(a+ J3) — 3R

Q=5+ 50 + ) — W+ T2

24+ T5) + 3R

Qt

where

The corresponding eigenfunctions are

L(®)e

1
— {2(a 4
m{ ( )0 + Qs[ (Q)OH
3{a@)s

1
—_— 2(@)) — 4
m {Ql[ (Q) ] (G)D}

Bs= /(Ui + T + (J = J)E
Q =._i';'l__
$ T Ja+Js +Rs
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TABLE 34

Resonance frequencies and relative inlensities for four spin
1/2 nuclei with C; symmetry as =

Tm:';ﬁXﬁ i.;:,ﬂ—)-? oL"m ¢ Intensity Frequency
@ transitions
1@)s = (@)= - J
L@ — 1«:)-;} ........ 4 ${20a —(J + I
(@)s — 2(an ’
% 2en _.3(6)0} ......... 4 ${20a + W +39}
2
3. 1@h = 2(@)0eeiennn... 1@ ${2wa +J4 +JB — Bs}
H
4. 1@ > 4@0.eeuennn. 1+@ ${2ws +Ja + 78 + Bs}
2 Ja +J Rs}
5. 2(@)o = 2(@)-1.0een.... T+@ ${204 — Ja +J8) + Bs
6. 4(a@) —2(@)a......... 12-1?2: ${2wa — (Ja +JB) — Rs}
7. 1(@)o —2(@).........] 0 ${40s — 208 - J -}
8 1(@1 —3@0..cerennn. 0 ${4wa — 208 +7 + 77}
® transitions
2
9. 1(®1 = 1®Bo..oen..s. 1TQ,‘ ${2wa +J4 —JB — R3}
203
10. 1(®)t = 2(®)o.....ee.. Tra ${2ws +J2 —J8 + B3}
1. 2(®)s = 2®)........ 245 442ws —Js +Jp — Ra}
1+Q3
2
12, L(®) —2(®@)a........ s 4{2wa — Ja +J5 + Bs}

With these results, one finds the intensities and fre-
quencies given in table 34.

C. GROUPS OF SYMMETRICALLY EQUIVALENT NUCLEI

Inspection of table 31 shows that the symmetrized
spin functions for four spins with C; symmetry consist
of all possible products (i.e., the direct product) of the
singlet and triplet functions for the A nuclei with the
singlet and triplet functions for the B nuclei. Further,
the symmetry species of these products are given by the
rules X A=@ AXB=@® ®X ® = @ These
results can be generalized and lead to the concept of
groups of symmetrically equivalent nuclei (94); that is,
a set of nuclei which are permuted under the operations
of the appropriate point group. If the molecule can be
divided into a number of such sets, then the spin func-
tions for the molecule may be obtained by taking the
direct products of the (symmetrized) functions for the
various sets. The symmetry species of the molecular
product functions may then be derived by standard

rules (94). For example, 1,3,5-trifluorobenzene (94)
may be considered as two sets of symmetrically equiv-
alent nuclei: three protons with D; symmetry and three
fluorine nuclei with D; symmetry. Thus, one has a
systematic procedure for dealing with molecules of high
symmetry. Since this procedure involves little that is
essentially new, it will not be discussed further here. For
full discussion and illustrations the reader is referred to
the literature (57, 94).

IX. MoMENT ANALYSIS oF HIGH-RESOLUTION SPECTRA

The preceding calculations have been characterized
by the fact that chemical shifts and coupling constants
are obtained after the complete (or approximate)
diagonalization of the Hamiltonian matrix. This proce-
dure may require lengthy numerical computations—
even in simple cases—and it is natural to seek more
direct methods of analysis. Some simple rules, which can
lead directly to coupling constants and chemical shifts
in favorable cases, have already been discussed. There
are, however, more general techniques (7, 70) and in
this section moment calculations (7) will be discussed.
This technique is, in principle, perfectly general, but
practical considerations often impose severe restrictions
and the method is of limited value. However, when the
method is applicable, significant information is obtained
which can lead to a complete solution of some problems
or facilitate the solution of others.

The nt* moment of a spectrum is defined as

22(&2& — )| I]t
pIpIPAL ®

where Q. — Q; is the resonance frequency associated
with the transition ¥; — ¢ and |I;|? the correspond-
ing relative intemsity. <w"> is thus a weighting of
each resonance line according to intensity; <w> is the
mean frequency of the spectrum, <w?> is the mean
square frequency, etc. The denominator in equation 1
is the sum of the (relative) intensities of all resonances
and can be rewritten in an alternative form as follows:

<a*> =

N
[T3]2 = (IR(IR)* = () 2Ter ~ i)} = il

where N is the total number of number of nuclei and the
Hermitian property for .. and I, has been used. Sum-
ming this result over j and k gives

ZJZ[ I;|*= $ZI;I§} = Tr I-I* = Tr I*I~

where Tr denotes the diagonal sum or trace of the
matrix product I=I+. Now @, = 3w and Q; = 3¢;;, so
that the numerator of equation 1 can be expressed as

};_‘,Z’)(scu - i) Ip I
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and
;(Mu - B LI
<w*> = Tr I- 1= @

Forn =1,

(R~ 3Ci5) I; T
Tr I*I-
20l — I I

- Tr ItI-

;[50, I I5

=TT T

_ Trfse, I*|I-
T Tr I

<w> =

3)

Similarly, one can show that

Trige, I*][I-, %]

T @
_ Trlse, fae, I1]1I-, %)

= Tr IF1- (8)
_ Txlse, fge, 1+111(I-, 5e), %] ©)
- Tr I*]-

<w?> =

<wl>

<wt>

The rules of formation are now clear and the commuta-
tor form for <w"> can be written down immediately.

The distinguishing feature of these moment equations
is that they are expressed in terms of traces of matrices
and, since the trace is a matrix invariant, it is not
necessary to solve a complicated eigenvalue problem in
order to evaluate the moments; any convenient repre-
sentation of the matrices involved will suffice. Consider,
for example, the denominator Tr I+I-; expanding the
product of I*I— one finds:

Tr I+~ = Tr(ZI,, + z'I,,,.) (Z‘,I - iI,,.)
= TI‘ %ZZIZTIZ. + Iyrlyl + 'l:(IwIza - Iervn)f (7)

Now in a matrix product of the type I/. (r # s) both
operators cannot make simultaneous contributions to
the diagonal elements, since the spins are independent.
These traces may be computed independently and,
since Tr I, = Tr I, = Tr I,, = 0, equation 7 reduces
to

Tr I+I- = Tr 2 (I8 + 11)

r

The last equality in equation 8 results from the equiv-
alence of the z-, y-, and z-components of angular
momentum. The assumption that all nuclei have the
same spin quantum number I simplifies equation 8 to

2N Tr I, ®

In the product function representation, the matrix for
I?, is diagonal and may be expressed as the direct

product of two matrices, one involving the coérdinates
of nucleus r alone and an identity matrix of dimension
(21 + 1)¥-L For a direct product C = A X B one has
the result

Tr C = (Tr A)(Tr B) (10)

Further, Tr I%, over the coérdinates of r alone is simply
T i = 3wk = HUADEI+D (D)
Combining equations 9, 10, and 11 there results finally
T 1+1- = 21 + per + 1y (12)

To proceed further, one must specify 3¢ and evaluate
the required commutators and traces. For 3¢ one may
use

s = 2Jwil + 23 23l ks (13)

(The minus sign that is usually prefixed to 3C is omitted
here for convenience; this omission simply inverts the
energy levels and does not alter the moments in any
way.) From the commutation rules the following equa-
tions are readily verified:

(e, I] = Zl}n,-l;’ (14)
[I-, 3] = };wjl; (15)
[ac, fae, I*]] = Zw,?z,f + ;;Jﬂ,(w, —w)Itle (16)
[(I-, 5}, 5¢] = Z}m;l; + ;};Jﬂ(w; ~w);Ia (17)

The evaluation of the requisite traces is straightforward
and one obtains for the first four moments:

2 = N<o> (18)
2wl = N<aw?> (19)
2wl = N<wt> (20)

7

>t + S +DCI+ 135 3% 1 —
= N<w!'> (21)

From these equations, it is clear that the first three
moments are independent of the spin quantum number
and the coupling constants. The fourth moment (and
higher moments) depends upon I and the J’s. For the
case I = 1/2 the fourth moment becomes

Sl 450 e — et = N<at>  (22)

It will be convenient to set <w> = 0 in subsequent
calculations; that is, one evaluates <w> from equation
18 and introduces a new reference system at the mean
frequency from which all other moments are computed.
Chemical shifts relative to this “center of gravity’’ will
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be denoted by Aw: and the moment equations 18 to 20
and 22 become

2w, =0 (23)
2 (8w))? = N< (aw)?> (24)
2 (aw)3 = N <(Aw)¥> (25)

S (aw)t + éz;;m(m,- — Aap)t = N<(aw)*>  (26)
H
where
Awy = w; — <w>

Some simple cases of equations 23 to 26 will now be
considered. If there are only two groups (4 and B) of
equivalent nuclei, the first four moments are

na(Aws) + np(bws) =0 27)
n4(Awa)? + np(Awg)t = N <(Aw)?> (28)
n4(Awa)? + np(Awp)® = N <(Aw)i> (29)

1 (Bwa)® + ns(dws)t + -é—(n,mg.ﬂ&’) = N<(a)'> (30)

where

na+ng=N (31)
8 = Aws — Awp (32)

From equations 27, 28, and 32 one obtains

52-& (Aw)? (33
—nAnB< w)?> )

while equations 27, 28, 32, and 30 yield

3 3
J? N<(Aw)i> — a1 ™ <(Aw)*>’$ (34)
MANEB

-2 ;
T NI (Aw)2>
Equations 33 and 34 show thatJ and 6 may be obtained
from measurements of <(Aw)?> and >(Aw)4>.
Dividing equation 34 by equation 32 gives

I\? _ 2n4ns
(5) - e

so that the J/6 ratio may be obtained without the aid of
a frequency measurement.

For the case of three groups, the first three moments
provide the equations

<(Aw)> _ (ng +n§)$ 35)

< (Aw)?>? NANE

Nnalwa + nadws + nchwe = 0
na(dwa)? + np(Awp)? + ne(dwe)? = N < (4Aw)?> (36)
na(Awa)? -F np(Awp)? + ne(Awe)? = N<(Aw)3>

Thus if <(Aw)>, <(Aw)?>, and <(Aw)®> are meas-
ured, equations 36 provide simultaneous equations for
the chemical shifts. If the coupling constants are desired
by this method, the fourth, fifth, and sixth moments are
required. This is not to be recommended in general, as
the higher moments are quite sensitive to experimental
errors (e.g., field and frequency drifts, saturation, etc.).

Equations 36 are most conveniently solved by graphical
methods (7). For this purpose, let

= Awg
= e @37

Then equations 36 become

nadws + (ng + rne)Awp = 0
n4(Awa)? 4+ (nB + rnc) (Awp)? = N <(Aw)?> (38)
n4(bwa)? 4+ (np + ring) (Awp)? = N <(Aw)i>

The first of equations 38 gives:

(ng + rnc) A
-— T AWBER
N4

Awg = 39)
Substituting into the second and third of equations 38
yields:

(na + rne)?

i + (nz + rine) (Awp)? = N< (Aw)?>  (40)

— ot mol 1 (g -+ rinc) (aws)® = N<(aw)?>  (a1)
A
Taking the two-thirds power of equation 41 and
dividing equation 40 by the result gives:

[(ng 4+ rng)® + na(ns + rineg)l

[—(np + )% + nf (ns + r3nc) |23

N\ V3 < (Aw)?
- ()< @

In equation 42 ng, ns, ne, and N are assumed known,
so that by assigning values to r (—o <r < +x)
values can be computed for the ratio

<(8w)?>/ <(Aw)3>s,

and plotted against ». From an experimental value of
this ratio one may determine the value(s) of r. The
quantity Awgp may be obtained from equations 40 and 41
as

Awp = —PB T ) + nalng + rPng) {M<(Aw)’>
wp =

—(ns + rnc)® + nf(na +rine) | <(&w)?> % “3)

Equation 39 then determines Aw,4 and, finally, equation
37 provides Awe.

The plot of equation 42 will generally provide several
values for » (7) and, consequently, several sets of shifts.
Some of these may be ruled out by a comparison with
the experimental spectrum; other sets may require
additional information for their elimination.

The experimental moments are calculated by means
of the equation

ZA{wh)n

<w"> = T4, (44)

where A; and (w?) are, respectively, the area and fre-
quency of the 4t resonance. If all the resonances have
the same width déw, then line heights may be used in
place of the 4;. The widths of resonance lines frequently
result in overlapping signals, so that one must decom-
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pose such a region into subareas and assign these to the
appropriate resonances. This decomposition is some-
what arbitrary and can introduce large errors in the
higher moments. Perhaps the most serious difficulty
with the moment method is the assumption that all the
resonance lines are observed. Hence weak or unresolved
lines can lead to very large errors in the experimental
moments, It is clear then, that before the moment
technique is applied, there must be some consideration
of the maximum number of lines, their intensities and
frequencies. Ideally, one desires a well-resolved spec-
trum which is free from field and frequency drifts and
saturation effects. Only a modest acquaintance with
high-resolution work is required to know that this is
almost impossible to realize. Except for the simplest
cases, it is best to compromise and use the moment
technique to obtain relations among the various
parameters. ~

Equation 35 was applied to the spectrum of ethylene
monothiocarbonate (figure 21) with the result J/8 =
0.198, in excellent agreement with the value of 0.195
obtained directly from the spectrum. The use of mo-
ments in this particular case is really superfluous, since,
as already noted, J and 6 may be obtained very easily.
The example does show, however, that with well-
resolved spectra and with proper regard of instrumental
drifts, excellent results may be obtained.

X. MiscELLANEOUS TECHNIQUES
A. DOUBLE RESONANCE EXPERIMENTS

A useful technique for removing the effects of an
undesirable spin coupling is available in the double
resonance experiment (5, 12, 13). The essential idea in
this experiment is to observe the resonance of a par-
ticular group with a weak radiofrequency field and
simultaneously irradiate a second (coupled) group with
a strong radiofrequency field whose frequency is near
the resonance value for the second group. In this way,
the spins in the second group are constrained to undergo
rapid transitions, which reduce the lifetime of states
with a given value of m. If this lifetime is much less
than J~I, then the observed group is effectively de-
coupled. Actually, a residual splitting of order J2/5
remains even for large amplitudes of the second radio-
frequency field (12). This qualitative description is anal-
ogous to that used in discussions of exchange phe-
nomena (9, 37, 39). An approximate treatment of the
double resonance experiment has been given which is
valid when J << . A rigorous discussion requires statis-
tical quantum mechanics (12).

From an experimental point of view, the method is
most easily used when 6 >> J. Hence, with one exception
(5) the technique is usually applied to nuclei with
different gyromagnetic ratios. Even with this restric-
tion, the technique is useful in removing small cou-
plings and line-broadening effects from nuclei such as
nitrogen and deuterium.

B. MULTIPLE QUANTUM TRANSITIONS

From equation 95 in Section IT it can be seen that the
expansion of [¢¥@t®¢],... to the second order in § involves
terms of the type

Br'iBim = (YH) <m!|L|k> <k|I:\m>

Terms of this type can result in multiple quantum
transitions (6, 41, 95); that is, the spin system can
absorb more than one quantum of energy. In the second
order this occurs when the system absorbs a single
quantum in the state m’ and undergoes a transition to a
virtual state k; a second quantum of energy is then
absorbed which induces a transition to the final state m.
In third order, triple quantum transitions can occur,
etc. The observation of multiple quantum transitions
involves large amplitudes of the radiofrequency field
and detailed treatment of intensities requires statistical
theory (95). However, if the stationary energies are
known, the frequencies of transitions of higher order
can be determined. Little has been done with multiple
quantum transitions in analyzing high-resolution
spectra.
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XII. INDEX OF SYMBOLS

A, B, C = groups of equivalent nuclei
@ = symmetry species

A 14,m4 Bisms = 8pin functions for groups 4 and B with total

spins I4, Ip and z-components of angular
momenta ma, mge
Zeeman energy operator; group operator
symmetry species
spin coupling operator; group operator
spin coupling operator
group operator
group identity element
symmetry species
group operator
generic group of equivalent nuclei
generic spin function for group of equivalent
nuclei with total spin /¢ and z-component
of angular momentum me
applied magnetic field
field at nucleus ¢
spin vector
cartesian components of I
I, £ i{I, = ‘“raising” (+) and ‘lowering”
(—) operators
= I.I = square of the spin vector
Iy = total spin quantum number
= total spin quantum number for group G
= spin-spin coupling constant in circular fre-
quency units
Jee* = spin-spin coupling constant for groups G
and G’
N = total number of nuclei, total number of spin
functions
P = permutation operator
Pty = probability of transition of state & to state j
at time ¢
= transition probability
R = generic group operator
Z = groups of equivalent nuclei with large
chemical shifts

SHoEHUawe >

L o

@
~
Q
3
Q

- o

nnon

-~

a = characteristic spacing for the ABC system
a = (a:;) = diagonalizing orthogonal matrix
b = characteristic spacing for the 4ABC system
b = (b:;) = diagonalizing orthogonal matrix

= characteristic spacing for the ABC system

g1¢ = statistical weight for the spin function with
total spin I
h = Planck’s constant
h = Planck’s constant divided by 2=
%, J, k = ¢b gpin, j*k spin, kb spin

%, , k = summation indices
¢ = imaginary unit
ma, mgs, Mc, + + + = z-components of angular momentum for
groups 4, B,C, « - +
mg = generic z-component of angular momentum
N4, NB, N, * = number of nuclei in groups 4, B, C,
ng = number of nuclei in group G
r, 8 = summation indices
t = time
us = product spin function
a = spin function for spin 1/2 nucleus with
m= +4+1/2
B = spin function for spin 1/2 nucleus with
m= —1/2
v = gyromagnetic ratio, generic symmetry species
v = symmetry species
5 = relative internal shift
7y = projection operator for symmetry species
6 = Eulerian angle
% = operator which transforms m; — —my
A = operator which transforms m — —m
u; = magnetic moment of nucleus ¢
v = linear frequency
é; = shielding tensor for nucleus ¢
a; = averaged scalar shielding constant for
nucleus ¢
¢, ¥ = Eulerian angles
&i, ¥i = eigenfunctions for the ¢*» quantum states
x(R) = character of the operator R
w; = uncoupled angular Larmor frequency for
nucleus ¢
wg = uncoupled angular Larmor frequency for
group @G
w = angular frequency of radiofrequency field
Q; = energy of 7tb level in angular frequency

XIII. ApPENDIX

Numerical tables of the line frequencies and
relative intensities for some two-group systems

Tables 35, 36, 37, and 38 provide numerical data on the
resonance frequencies and relative intensities for the
systems: A;B, AsB, A,B,, and 4,3B,. All line frequencies
are given in units of the relative internal shift § =
ws — wp. The transitions in groups A and B are so
labeled, while combination (mixed) transitions are pre-
fixed with the letter “M’’. In the A.B,; case, the
spectrum is symmetrical about 3(wa + ws), 80 that
only one-half of the spectrum is given in the table. The
center of symmetry is the frequency origin in this case,
while in the other systems the origin is at ws(assumed
< wy4). The numbering of the lines corresponds, in each
case, to that given in the text. The frequencies and
intensities are given as a function of the ratio J/4, and
for 0 £J/é £ 1, the usual interval of interest, the
increments in this parameter are 0.05. Additional data
are given for J/8 = 2, 3, 4, 5, 10, and .
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TABLE 35

Line frequencies and relative intensities for the A.B spin system

421

J/& Intensity Frequency J/5 Intensity Frequency J/& Intensity Frequency J/8 Intensity Frequency
Al 0.00 2.00000 1.00000 0.05 1.89640 1.02628 0.60 0.72727 1. 50000 0.65 0.65603 1.56772
A2, 2,00000 1.00000 2.09615 0.97622 2.69169 0.82621 2.71695 0.81882
A3. 2.00000 1.00000 2.10361 0.97506 3.26433 0.77379 3.33436 0.76390
A4, 2.00000 1.00000 1.90386 1.02404 1.29991 1.22621 1.27345 1.23610
B1. 1.00000 0.00000 1.10361 0.04872 2.27273 0.40000 2.34397 0.41728
B2. 1.00000 0.00000 0.90386 -0.05122 0.30831 -0.72621 0.28306 —0.79382
B3. 1.00000 0.00000 0.99254 —0.00250 0.42737 —0.32621 0.38258 —0.37655
B4, 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
Ml.. 0.00000 2.00000 0.00000 2.00250 0.00840 2.32621 0.00960 2.37655
Al. 0.10 1.78632 1.05523 0.15 1.67123 1.08701 0.70 0.59227 1.61714 0.75 0.53542 1.67805
A2, 2.18430 0.95474 2.26433 0.93537 2.73950 0.81203 2.75968 0.80578
A3. 2.21366 0.95049 2.32866 0.92664 3.39704 0.75510 3.45294 0.74728
A4, 1.81568 1.04951 1.73556 1.07336 1.24982 1.24490 1.22868 1.25272
Bl 1.21368 0.09477 1.32877 0,13799 2.40773 0.43286 2.46458 0.44695
B2. . 0.81570 —0.10474 0.73567 -0.16037 0.26050 —0,86203 0.24032 -0.93078
B3.. 0.97084 —0.00997 0.93568 —0.02237 0.34245 -0.42017 0.30674 —0.48383
B4, 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
M1. 0.00002 2.00997 0.00011 2.02237 0.01069 2.42917 0.01164 2.48383
Al. 0.20 1.55300 1.12170 0.25 1.43377 1.15936 0.80 0.48487 1.74031 0.85 0.43998 1.80376
A2. 2.33643 0.91789 2.40100 0.90212 2.77778 0.80000 2.79405 0.79465
A3. 2.44667 0.90381 2.56548 0.88224 3.50269 0.74031 3.54691 0.73411
A4. 1.66324 1.09619 1.59826 1.11776 1.20978 1.25969 1.19284 1.26589
B1. 1.44700 0.17830 1.56623 0.21564 2.51513 0.45969 2.56002 0.47124
B2, 0.66357 —0.21789 0.59000 -=0.,27712 0.22222 -1.00000 0.20595 —1.06965
B3, 0.88076 ~0,03959 0.83552 —0.06149 0.27509 -0.54031 0.24714 —0.59841
Bs. 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
M1.... 0.00034 2.03959 0.00074 2.06149 0.01245 2.54031 0.01311 2.59841
Al....| 0.30 1.31579 1.20000 0.35 1.20117 1.24355 0.90 0.40014 1.86827 0.95 0.36477 1.93372
A42.... 2.45859 0.88788 2.50981 0.87500 2.80871 0.78969 2.82196 0.78508
A3.... 2.68284 0.86212 2.79660 0.84355 3.58623 0.72858 3.62120 0.72364
A4.... 1.54004 1.13788 1.48796 1.15645 1.17766 1.27142 1.16401 1.27636
B1.. 1.68421 0.25000 1,79883 0.28145 2.59986 0.48173 2.63523 0.49128
B2.. 0.54141 ~0.33788 0.46020 —0,40000 0.19129 —1.13969 0.17804 —1.21008
B3.. 0.77575 —0.08788 0.71321 -0.11855 0.22249 —0.65796 0.20076 —0.71879
B4. 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
M1, 0.00137 2.08788 0.00223 2.11855 0.01363 2.685796 0.01403 2.71879
Al 0.40 1,00175 1.28990 0.45 0.98894 1.33890 1.00 0.33333 2.00000 2.00 0.08579 3.41421
A2. 2.55529 0.86332 2.59566 0.85272 2.83395 0.78078 2.94338 0.73205
A3. 2.90496 0.82657 3.00656 0.81118 3.65235 0.71822 3.90354 0.68216
A44. 1.44142 1.17343 1.39984 1.18882 1.15174 1.28078 1.04595 1.31784
B1. 1.90825 0.31010 2.01107 0.33610 2.66667 0.50000 2.91421 0.58579
B2.. 0.44471 —0.46332 0.40434 —0.52772 0.16605 —1.28078 0.05662 —2.,73205
B3.. 0.65033 —0.15322 0.58910 -0.19163 0.18160 -0.78078 0.03984 —2.14626
B4, 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
M1, 0.00329 2,15322 0.00450 2.19163 0.01432 2.78078 0.01067 4.14626
A1, 0.50 0.89366 1.39039 0.55 0.80641 1.44415 3.00 0.03699 4.88600 4.00 0.02034 6.37228
A2. 2.63151 0.84307 2.66335 0.83426 2.97225 0.71221 2.98365 0.70158
A3. 3.10054 0.79732 3.18647 0.78489 3.95651 0.67379 3.97543 0.67072
A4, 1.36270 1.20268 1.32953 1.21511 1.02125 1.32621 1.01212 1.32028
B1. 2.10634 0.35961 2.19359 0.38085 2.96302 0.61400 2.97966 0,82772
B2.. 0.38850 —0.59307 0.33665 ~—0.65926 0.02775 —4.21221 0.01835 —5.70158
B3.. 0.53097 —0.23346 0.47688 -0.27842 0.01574 —3.59822 0,00822 -5.07384
B4. 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
M1.. 0.00580 2.23346 0.00712 2.27842 0.00650 5.59822 0.00423 7.07384
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TABLE 35—Concluded

J/8

Intensity

Frequency

J/8 Intensity Frequency J/& Intensity Frequency
5.00 0.01281 7.86421 10.00 0.00309 15.34847 ® 0.00000 @
2.98925 0.69493 2.99717 0.68118 3.00000 0.66667
3.98425 0.66927 3.99605 0.66732 4.00000 0.66667
1.00781 1.33073 1.00197 1.33268 1.00000 1.33333
2.98719 0.63579 2.99691 0.65153 3.00000 0.68667
0.01075 —7.19403 0.00283 ~14.68115 0.00000 —
0.00501 ~6.55014 0.00112 —14.02961 0.00000 — @
1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
0.00294 8.55914 0.00086 16.02061 0.00000 =
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Line frequencies and relative intensities for the AB spin system
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J/8 Intensity Frequency J/& Intensity Frequency J/8 Intensity Frequency J/8 Intensity Frequency
Al.. 0.00 3.00000 1.00000 0.05 2.83863 1.02697 0.40 1.34535 1.35826 0.45 1.18137 1.42607
A2, . 3.00000 1.00000 3.13899 0.97678 3.66448 0.88102 3.70088 0.87310
A3. 2.00000 1.00000 1.90012 1.02562 1.25722 1.23852 1.17927 1.27329
A4 2.00000 1.00000 2.09988 0.97562 2.74278 0.83852 2,82073 0.82329
A5, 4.00000 1.00000 4.19900 0.97571 5.24658 0.85929 5.33451 0.84958
AB. 3.00000 1.00000 2.86104 1.02429 2.33271 1.14071 2.29570 1.15042
A7, 3.00000 1.00000 3.16141 0.97448 4.63898 0.81795 4.81807 0.80429
A8, 4.00000 1.00000 3.80099 1.02552 2.73493 1.18205 2.64151 1.19571
Bl1.. 1.00000 0.00000 1.16137 0.07303 2.65465 0.44174 2.83863 0.47303
B2.. 1.00000 0.00000 0.86101 —~0.07678 0.33552 —0.68102 0.29912 —0.77310
B3.. 2.00000 0.00000 2.09988 0.02438 2.74278 0.16148 2.82073 0.17671
B4.. 2.00000 0.00000 1.90012 -—0.02562 1.25722 —0.23852 1.17927 —0.27329
B5. 1.00000 0.00000 0.94000 —0.02928 0.41790 —0.42134 0.36637 —0.49579
Bs. 1.00000 0.00000 1.03765 0.02054 0.61041 —0.09857 0.51986 —0.14965
M., 0.00000 2.00000 0.00000 2.02928 0.00281 2.42134 0.00342 2.49579
M2.. 0.00000 2.00000 0.00001 1.97946 0.01568 2.09857 0.02056 2.14965
Al.. 0.10 2.65465 1.05826 0.15 2.45004 1.09441 0.50 1.00000 1.50000 0.55 0.88101 1.57678
A2.. 3.25724 0.95678 3.35710 0.93949 3.73205 0.86603 3.75888 0.85967
A3. 1.80099 1.05249 1.70332 1.08059 1.10557 1.30902 1.03616 1.34564
A4, 2.19901 0.95249 2.29668 0.93059 2.89443 0.80902 2.96384 0.79564
AS5. 4.39218 0.95313 4.57449 0.93252 5.41025 0.84108 5.47545 0.83363
A6. 2.74271 1.04687 2.64269 1.06748 2.26399 1.15892 2.23669 1.16637
A7. 3.34525 0.94836 3.54948 0.92239 4.97487 0.79289 5.10993 0.78348
ASB. 3.60767 1.05164 3.42481 1.07761 2.56066 1.20711 2.49106 1.21852
Bl.. 1.34535 0.14174 1.54996 0.20559 3.00000 0.50000 3.13899 0.52322
B2.. 0.74276 ~0.15678 0.64290 —0.23949 0.26795 —0.86603 0.24112 —0.95967
B3.. 2,19901 0.04751 2.29668 0.06941 2.89443 0.19098 2.96384 0.20436
B4. 1.80099 —~0.05249 1.70332 -0.08059 1.10557 —0.30902 1.03616 —0.34564
B5. 0.86506 —0.06668 0.78262 —0.11151 0.32180 —0.57313 0.28343 —0.65297
B6. 1.04698 0.03184 1.02522 0.03358 0.43934 -0.20711 0.36995 —0.27009
M1. 0.00005 2.06668 0.00021 2.11151 0.00396 2.57313 0.00443 2.65297
M2. 0.00009 1.96816 0.00049 1.96643 0.02513 2.20711 0.02906 2.27009
Al.. 0.20 2.22942 1.13589 0.25 2.00000 1.18301 0.60 0.74276 1.65678 0.65 0.64200 1.73949
A2.. 3.44115 0.92450 3.51186 0.91144 3.78208 0.85394 3.80225 0.84875
A3. 1.6077T7 1.10990 1.51493 1.14039 0.97101 1.38310 0.91002 1.42134
A4, 2.39223 0.90990 2.48507 0.89039 3.02899 0.78310 3.08998 0.77134
A5. 4.74226 0.91402 4.89345 0.89758 5.53162 0.82709 5.58012 0.82131
AB. 2.55833 1.08598 2.48717 1.10242 2.21309 1.17291 2.19261 1.17869
AT. 3.76904 0.89737 3.99641 0.87400 5.22503 0.77575 5.32257 0.76943
AS8. 3.25567 1.10263 3.10198 1.12600 2.43135 1.22425 2.38022 1.23057
Bi.. 1.77058 0.26411 2.00000 0.31699 3.25724 0.54322 3.35710 0.56051
B2.. 0.55885 ~0.32450 0.48814 —0.41144 0.21792 —1.05394 0.19775 —1.14875
B3.. 2.39223 0.09010 2.48507 0.10961 3.02899 0.21690 3.08998 0.22868
B4, 1.60777 —0.10990 1.51493 —0.14039 0.97101 —0.38310 0.91002 —0.42134
B5. 0.69889 —0.16302 0.61841 —0.22045 0.25046 —0.73496 0.22214 —0.81881
B6. 0.97375 0.02559 0.89802 0.00797 0.31141 —0.33780 0.26288 —0.40955
M1. 0.00052 2.16302 0.00098 2.22045 0.00482 2.73496 0.00513 2.81881
M2, 0.00155 1.97441 0.00359 1.99203 0.03221 2.33780 0.03453 2.40955
Al 0.30 1.77058 1.23589 0.35 1.54997 1.29441 0.70 0.55885 1.82450 0.75 0.48814 1.91144
A2. 3.57143 0.90000 3.62177 0.88993 3.81987 0.84403 3.83533 0.83972
A3. 1.42530 1.17202 1.33930 1.20474 0.85308 1.46033 0.80000 1.50000
A4, 2.57470 0.87202 2.66070 0.85474 3.14692 0.76033 3.20000 0.75000
A5, 5.02745 0.88310 5.14475 0.87040 5.62210 0.81620 5.65857 0.81166
AB. 2.42703 1.11690 2.37606 1.12960 2.17476 1.18380 2.15914 1,18834
A7, 4.22266 0.85279 4.43912 0.83408 5.408507 0.76427 5.47489 0.76005
AS8. 2.96425 1.14721 2.84216 1.16592 2.33645 1,23573 2.29893 1.23995
B1.. 2.22942 0.36411 2.45004 0.40559 3.44115 0.57550 3.51186 0.58856
B2.. 0.42857 —0.50000 0.37823 —0.58993 0.18013 —1,24403 0.16467 ~1.33972
B3.. 2.57470 0.12798 2.66070 0.14526 3.14692 0.23967 3.20000 0.25000
B4. 1.42530 -0.17202 1.33930 —0.20474 0.85308 -0.46033 0.80000 —0.50000
B5. 0.54308 —0.28310 0.47702 —0.35026 0.19777 —0.90426 0.17676 -~0.99111
B6. 0.80634 —0.01899 0.70780 —0.05474 0.22240 —0.48473 0.18921 —0.56283
M1.. 0.00155 2.28310 0.00218 2.35026 0.00537 2.90426 0.00553 2.99111
M2.. 0.00676 2.01899 0.01092 2.05474 0.03608 2.48473 0.03697 2.56283
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TABLE 36—Concluded

P, L. CORIO

J/& Intensity Frequency J/8 Intensity Frequency J/é Intensity Frequency J/s Intensity Frequency
Al....] 0.80 0.42857 2.00000 0.85 0.37823 2.08993 3.00 0.02434 6.28388 4.00 0.01320 8.27492
A2, 3.84805 0.83578 3.86100 0.83216 3.98248 0.77872 3.98970 0.77200
A3, 0.75061 1.54031 0.70470 1.58122 0.10263 3.58114 0.05972 4.56155
A4. 3.24939 0.74031 3.29530 0.73122 3.89737 0.58114 3.94029 0.56155
A5, 5.69035 0.80762 5.71816 0.80400 5.97075 0.76266 5.98324 0.75913
A6, ., 2.14541 1.19238 2.13330 1.19600 2.01548 1.23734 2.00898 1.24087
AT. 5.53414 0.75680 5.58460 0.75378 5.96729 0.74250 5.98178 0.74379
A8, 2.26671 1.24340 2.23896 1.24622 2.01884 1.25750 2.01042 1.25621
B1.. 3.57143 0.60000 3.62177 0.61007 3.97566 0.71612 3.98680 0.72508
B2.. 0.15105 —1.43578 0.13900 —~1.53216 0.01752 -5.77872 0.01030 ~7.77200
B3.. 3.24939 0.25969 3.29530 0.26878 3.89737 0.41886 3.94029 0.43845
B4. 0.75061 —0.54031 0.70470 ~0.58122 0.10263 ~2.58114 0.05972 —3,56155
B5. 0.15859 -1.07918 0.14284 —1.16831 0.01173 —5.32010 0.00646 -7.30313
BS6. 0.16186 —0.64340 0.13927 —0.72609 0.00550 —4.82526 0.00278 —6.80605
M1, 0.00564 3.07918 0.00570 3.16831 0.00204 7.32010 0.00132 9.30313
M2. 0.03729 2.64340 0.03717 2.72609 0.00837 6.82526 0.00502 8.80605
Al....| 0.90 0.33552 2.18102 0.95 0.29912 2.27310 5.00 0.00826 10.26970 10.00 0.00197 20.25961
A2. 3.87171 0.82882 3.88127 0.82574 3.99323 0.76783 3.99822 0.75914
A3. 0.66207 1.62268 0.62250 1.66466 0.03884 5.54951 0.00993 10.52494
A4. 3.33793 0.72268 3.37750 0.71466 3.96116 0.54951 3.99007 0.52494
AS5. 5.74259 0.80074 5.76413 0.79781 5.98916 0.75711 5.99724 0.75335
AB. 2.12257 1.19926 2.11303 1.20219 2.00585 1.24289 2.00151 1.24665
A7, 5.62777 0.75146 5.66488 0.74956 5.98841 0.74476 5.99714 0.74712
A8. 2.21497 1.24854 2.19416 1.25044 2.00660 1.25524 2.00161 1.25288
Bi1. 3.66448 0.61898 3.70088 0.62690 3.99174 0.73030 3.99803 0.74039
B2.. 0.12829 —1.62882 0.11873 ~1.72574 0.00677 —~9.76783 0.00178 —19.75914
B3.. 3.33793 0.27732 3.37750 0.28534 3.96116 0.45049 3.99007 0.47506
B4. 0.66207 —0.62268 0.62250 —0.66466 0.03884 —4,54951 0.00993 —9.52494
Bs. 0.12912 —1.25838 0.11714 —1.34928 0.00407 —0.29276 0.0N098 —19.27163
B6. 0.12055 —0.81059 0.10496 —0.89665 0.00166 —8.79463 0.00036 —18.77210
M1, 0.00572 3.25838 0.00570 3.34928 0.00091 11.29276 0.00027 21.27163
M2, 0.03671 2.81059 0.03600 2.89665 0.00333 10.79463 0.00089 20.77210
Al....| 1.00 0.26795 2.36603 2.00 0.05855 4.30278 © 0.00000 ®
A2. 3.88082 0.82288 3.96396 0.79129 4.00000 0.75000
A3. 0.58579 1.70711 0.21115 2.61803 0.00000 ©
A4. 3.41421 0.70711 3.78885 0.61803 4.00000 0.50000
A5. 5.78319 0.79516 5.93683 0.77026 6.00000 0.75000
A6, 2.10452 1.20484 2.03259 1.22974 2.00000 1.25000
AT. 5.69694 0.74799 5.92525 0.74122 6.00000 0.75000
AS8. 2.17604 1.25201 2.04352 1.25878 2.00000 1.25000
B1.... 3.73205 0.63397 3.94145 0.69722 4.00000 0.75000
B2.. 0.11018 —~1.82288 0.03604 -3.79129 0.00000 -
B3.. 3.41421 0.29289 3.78885 0.38197 4.00000 0.50000
B4. 0.58579 -0.70711 0.21115 —1.61803 0.00000 -
Bs. 0.10663 —~1.44091 0.02713 —3.35284 0.00000 -
B6. 0.091981 —~0.98406 0.01503 —2.86433 0.00000 -
M1.. 0.00565 3.44091 0.00345 5.85284 0.00000 ]
M2, 0.03511 2.98406 0.01620 4.86433 0.00000 ©




ANALYSIS OF NUCLEAR MAGNETIC RESONANCE SPECTRA

425

TABLE 37
Line frequencies and relative tniensities for the AsB: spin system
J/8 Intensity | Frequency J/8 Intensity | Frequency J/8 Intensity | Frequency J/5 Intensity | Frequency

Al . .oooiiian 0.00 2.00000 0.50000 0.05 2,21487 0.45013 0.70 5.26595 0.08474 0.75 5.35366 0.07701
A2, ... 2.00000 0.50000 2.19901 0.45249 3.62747 0.16023 3.66410 0.15139
A3, i 2.00000 0.50000 1.98654 0.50224 1.59935 0.49322 1.60088 0.48270
Ad. i 4.00000 0.50000 4.00000 0.50000 4,00000 0.50000 4.00000 0.50000
. 2.00000 0.50000 1.81445 0.54988 0.74740 1.11773 0.70915 1.15833
AB. ..ol 2.00000 0.50000 1.98413 0.50274 0.35985 1.22725 0.30881 1.32007
A7. . ool 2.00000 0.50000 1.80099 0.55249 0.37253 1.56023 0.33590 1.65139
Ml....o.oooen 0.00000 .50000 0,00000 1.45512 0.02579 1.80521 0.02588 1.87979
M2............ 0.00000 1.50000 0.00000 1.55487 0.00167 2.83819 0.00163 2.96110
D 5 0.10 2.46251 0.40113 0.15 2,73999 0.35400 0.80 5.42746 0.07044 0.85 5.48990 0.06481
A2, i, 2.39223 0.40990 2.57470 0.37202 3.69600 0.14340 3.72387 0.13615
A3, ..ol 1.95243 0.50792 1.90650 0.51543 1.60483 0.47195 1.61071 0.46113
Ad.... .ol 4.00000 0.50000 4.00000 0. 50000 4.00000 0.50000 4.00000 0.50000
A5, iiiiiines 1.65527 0.59915 1.51843 0.64741 0.67356 1.19900 0.64034 1.23979
AB. . ..ol 1.92969 0.51188 1.83459 0.52860 0.26696 1.41484 0.23246 1.51118
AT, i, 1.60777 0.60990 1.42530 0.67202 0.30400 1.74340 0.27613 1.83615
Ml............ 0.00007 1.42094 0.00037 1.39803 0.02562 1.95724 0.02508 2.03712
M2............ 0.00003 1.61896 0.00012 1.690144 0.00158 3.08579 0.00151 3.21209
Al ..o, 0.20 3.04200 0.30975 0.25 3.35787 0.26928 0.90 5.54302 0.05996 0.95 5.58804 0.05574
A2 oo 2.74278 0.33852 2.89443 0.30902 3.74831 0.12956 3.76984 0.12355
A3 . ciiiiiiie. 1.85526 0.52322 1.80516 0.52998 1.61804 0.45033 1.62637 0.43965
U 4.00000 0.50000 4.00000 0.50000 4.00000 0.50000 4.00000 0.50000
A5, ... ...l 1.40074 0.69445 1.29754 0.74024 0.60929 1.28072 0.58020 1.32184
AB. ... 1.70049 0.55381 1.53606 0.58805 0.20386 1.60880 0.17954 1.70745
;& 1.25722 0.73852 1.10557 0.80902 0.25169 1.92956 0.23016 2.02355
Mi....oooonnes 0.00122 1.38678 0.00288 1.38732 0.02436 2.11909 0.02359 2.20283
M2............ 0.00028 1.77148 0.00050 1.85828 0.00143 3.33985 0.00135 3.46893
Al . ooieiinnn 0.30 3.687373 0.23322 0.35 3.97544 0.20182 1.00 5.62808 0.05203 2.00 5.90634 0.02232
A2, . ... 3.02899 0.28310 3.14692 0.26033 3.78885 0.11803 3.94029 0.06155
. S 1.75801 0.53474 1.71648 0.53694 1.63556 0.42914 1.81161 0.27475
Ad. ..o 4.00000 0.50000 4.00000 0.50000 4.00000 0.50000 4.00000 0.50000
A5, i 1.20752 0.78486 1.12774 0.82843 0.55292 1.36316 0.23917 2.23552
AB. . il 1.35451 0.63145 1.17049 0.68371 0.15950 1.80693 0.03365 3.84835
P r A 0.97101 0.88310 0.85308 0.96033 0.21115 2.11803 0.05972 4.06155
Ml............ 0.00547 1.39941 0.00885 1.42247 0.02267 2.28812 0.00894 4.14542
M2............ 0.00075 1.95105 0.00099 2.04909 0.00127 3.59923 0.00029 6.35862
Al .oiiiiiann 0.40 4.25184 0.17500 0.45 4.49640 0.15242 3.00 5.95830 0.01434 4.00 5.97655 0.01061
A2. ... e 3.24939 0.24031 3.33793 0.22268 3.97279 0.04138 3.98456 0.03113
A3, .. 1.68151 0.53644 1.65329 0.53340 1.89741 0.19571 1.93738 0.15066
Ad. ...l 4.00000 0. 50000 4.00000 0.50000 4.00000 0.50000 4.00000 0.50000
P ¥ 1.05648 0.87113 0.99244 0.91313 0.12550 3.16867 0.07557 4.13014
A6 ... 0.99634 0.74418 0.84015 0.81187 0.01441 5.88705 0.00797 7.91160
A7, i 0.75061 1.04031 0.66207 1.12268 0.02721 6.04138 0.01544 8.03113
Mi............ 0.01262 1.45563 0.01634 1.49778 0.00431 6.09710 0.00250 8.07287
M2............ 0.00121 2.15176 0.00138 2.25850 0.00008 9.25143 0.00003 12.19240
P 5 0.50 4.70725 0.13356 0.55 4.88597 0.11786 5.00 5.98500 0.00843 10.00 5.99625 0.00418
A2........00... 3.41421 0.20711 3.47988 0.19330 3.99007 0.02494 3.99750 0.01249
. 1.63173 0.52814 1.61632 0.52111 1.95828 0.12207 1.98897 0.06212
O 4.00000 0.50000 4.00000 0.50000 4.00000 0.50000 4.00000 0.50000
AB. . viiiiiians 0.93449 0.95459 0.88162 0.99567 0.05002 5.10556 0.01311 10.05380
AB. . ...l 0.70542 0.88607 0.59229 0.96550 0.00508 9.92780 0.00125 19.96286
P i A 0.58579 1,20711 0.52012 1.29330 0.00993 10.02494 0.00250 20.01249
Mi............ 0.01956 1.54777 0.02217 1.60447 0.00163 10.05831 0.00041 20.02916
M2............ 0.00154 2.36881 0.00162 2.48227 0.00001 15.15543 0.00000 30.07878
Al . oovvennnn. 0.60 5.03592 0.10480 0.65 5.16124 0.09390 @ 6.00000 0.00000

A2, .. ...l 3.53644 0.18102 3.58525 0.17006 4.00000 0.00000

A3. ... 1.60632 0.51270 1.60092 0.50330 2,00000 0.00000

Ad..oviiiinins 4.00000 0.50000 4.00000 0.50000 4.00000 0.50000

A5....... PR 0.83322 1.03648 0.78863 1.07713 0.00000 ©

P U 0.49884 1.04935 0.42232 1.13682 0.00000 @

A7....oiiiiins 0.46356 1.38102 0.41475 1.47006 0.00000 @

Ml.....o.ov.s 0.02402 1.66685 0.02520 1.73402 0.00000 @

M2......... 0.00168 2.59853 0.00169 2.71725 0.00000 @
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TABLE 38
Line frequencies and relative iniensities for the A;B. spin system

J/s Intensity Frequency J/8 Intensity Frequency J/8 Intensity Frequency J/8 Intensity Frequency
Al....| 0.00 3.00000 1.00000 0.05 2,69081 1.05383 0.20 1.76808 1.26235 0.25 1.50515 1.34650
A2 2.00000 1.00000 1.80771 1.05122 1.32714 1.21789 1.19800 1.27712
A3 3.00000 1.00000 3.28708 0.95365 3.95330 0.85208 4.11024 0.82793
A4 2.00000 1.00000 1.98508 1.00250 1.77953 1.03959 1.67103 1.06149
AS5.. 2.00000 1.00000 2.20721 0.95128 2.89400 0.82170 3.13245 0.78436
A6. . 12.00000 1.00000 12.00000 1.00000 12.00000 1.00000 12, 00000 1.00000
A7. 4.00000 1.00000 3.61692 1.05103 2.69509 1.20794 2.45798 1.25940
AS8. 3.00000 1.00000 2.97284 1.00301 2.38893 1.07329 2.03210 1.12573
A9. 3.00000 1.00000 3.33633 0.94894 4,83022 0.79765 5.45443 0.75560
Al0 4.00000 1.00000 3.97054 1.00244 3.64181 1.02684 3.51396 1.03278
All, 3.00000 1.00000 2.73116 1.04862 2.19304 1.17551 2.07115 1.21162
Al12. 3.00000 1.00000 2.98175 1.00202 2.85171 1.01431 2.81489 1.01593
Al3. 4.00000 1.00000 4.41251 0.95147 5.85470 0.83149 6.00914 0.80158
Bl.. 2.00000 0.00000 2.30019 0.07117 3.23193 0.23765 3.49485 0.27850
B2.. 4.00000 0.00000 4.19229 0.02378 4.67286 0.08211 4.80200 0.09788
B3.. 2.00000 0.00000 1.71292 —0.07865 1.04671 ~0.35208 0.88977 —0.45293
B4. 4.00000 0.00000 3.80771 —0.02494 3.32648 —0.09619 3.19652 -0.11776
B5. 4.,00000 0.00000 4.20721 0.02494 4.89333 0.09619 5.13097 0.11776
B6. . 4.00000 0.00000 3.79279 —0.02628 3.10600 -0.12170 2.86755 -0.15936
BT.. 2.00000 0.00000 2.33634 0.07478 3.84190 0.28112 4.46083 0.33638
BS. 2.00000 0.00000 2.07388 0.02035 2.06969 0.04859 2.03914 0.05772
BY9.. 2.00000 0.00000 1.73118 —0.07484 1.19341 —0.29372 1.07188 —0.36458
B10. 2.00000 0.00000 1.87457 ~0.03027 1.29841 ~0.18985 1.10080 -0.26494
Bil1... 2.00000 0.00000 1.88577 —0.02824 1.50233 —0.13251 1.38730 —0.16890
Bi12... 2.00000 0.00000 2.07618 0.02071 1,81624 0.00549 1.55627 ~0.03374
M1, 0.00000 —1.00000 0.00001 —~0.90788 0.00329 —0,74357 0.00803 -0.73162
M2, 0.00000 2.00000 0.00001 2.03370 0.00110 2.23263 0.00192 2.32740
M3. 0.00000 2.00000 0.00001 1.98376 0.00159 2.03565 0.00300 2.08245
M4. 0.00000 —1.00000 0.00000 -~1,10713 0.00019 —1.49787 0.00030 —1,64545
M5. 0.00000 3.00000 0.00000 3.00753 0.00000 3.12702 0.00000 3.20264
Mé.... 0.00000 2.00000 0.00001 1.93067 0.00597 1.81900 0.01443 1.82212
M7.... 0.00000 2.00000 0.00001 2.07930 0.00057 2.33486 0.00102 2.41329
MS8.... 0.00000 —1.00000 0.00001 -~1.00997 0.00082 -1,15385 0.00144 -1,23542
Mg.... 0.00000 —1.00000 0.00000 -1.00250 0.00067 -1.03959 0.00149 —~1.06149
Al....| 0.10 2.37259 1.11554 0.15 2.06044 1.18515 0.30 1.27627 1,43681 0.35 1.08169 1.53240
A2. 1.63141 1.10474 1.47134 1.16037 1.08283 1.33788 0.98039 1.40000
A3. 3.54341 0.91410 3.76534 0.88053 4.24027 0.80737 4.34769 0.78976
A4, 1.94128 1.00097 1.87135 1.02237 1.55150 1.08788 1.42642 1.11855
A5, . 2.42736 0.90523 2.65754 0.86201 3.36842 0.75000 3.59766 0.71855
A6, . 12.00000 1.00000 12.00000 1.00000 12.00000 1.00000 12.00000 1.00000
AT. 3.27099 1.10331 2.96460 1.15583 2.24844 1.31026 2.08194 1.36075
AS8. 2.87275 1.01419 2.67892 1.03669 1.65864 1.19428 1.31588 1.27769
AD. . 3.75441 0.89675 4.25941 0.84548 6.05064 0.72076 6.58156 0.69328
A10. 3.88909 1.00910 3.77276 1.01810 3.40196 1,03427 3.31352 1.03091
All 2.51488 1.09415 2.33849 1.13642 1.96723 1.24498 1.87783 1.27580
Al2, 2.94153 1.00635 2.89540 1.01089 2.78667 1.01562 2.76641 1.01355
Al13. 4.83939 0.90666 5.25994 0.86651 6.31618 0.77641 6.57539 0.75540
B1. 2.62741 0.13446 2.93957 0.18985 3.72374 0.31319 3.91831 0.34260
B2. 4.36860 0.04526 4.52866 0.06463 4.91717 0.11212 5.01961 0.12500
B3. 1.45659 —0.16410 1.23466 -0.25553 0.75974 -0.55737 0.65231 —0.66476
B4. 3.63136 -0.04951 3.47111 —0.07336 3.08008 -0.13788 2.97593 —0.15645
B5. 4.42732 0.04951 4.65731 0.07338 5.36568 0.13788 5.59319 0.15645
B6. . 3.57264 -0.05523 3.34248 ~0.08701 2.63158 —=0.20000 2.40235 —0.24355
B7.. 2.75454 0.14803 3.26018 0.21763 5.08234 0.38227 5.59901 0.41896
BS.. 2.10145 0.03312 2.00490 0.04139 2.01299 0.07067 1.99743 0.08789
B9. . 1.51492 —0.14891 1.33864 —0.22187 0.96842 —0.43467 0.87963 --0.50419
B10. 1.70399 ~0.07185 1.50530 —0.12517 0.92371 -~0.34911 0.77185 —0.44006
B11 1.75615 -0.06110 1.62624 —0.09634 1,28190 -0.20532 1.18499 —0.24194
B12 2.08504 0.03059 2.00081 0.02642 1.26810 —0.09126 0.99756 -0,16545
M1, 0.00015 —0.83304 0.00093 —0.77767 0.01483 —0.74134 0.02232 —0,77084
M2. 0.00012 2.08438 0.00046 2.15113 0.00276 2.43387 0.00342 2.55055
M3. 0.00014 1.98485 0.00062 2.00257 0.00464 2.14115 0.00627 2.20992
M4. 0.00003 -1.22710 0.00010 —1.35793 0.00038 —1.79940 0.00045 —1.95871
M5. 0.00000 3.03050 0.00000 3.06992 0.00001 3.29657 0.00002 3.40739
Mé. 0.00028 1,87525 0.00170 1.83716 0.02652 1,84628 0.03976 1.88964
M7.... 0.00007 2.16435 0.00025 2.25086 0.00157 2.48456 0.00222 2,54866
MS.... 0.00008 —1.03960 0.00034 —1.08802 0.00207 -1.33084 0.00254 —-1.43831
M9.... 0.00005 -1.00997 0.00023 —1.02237 0.00275 -—1.08788 0.00447 -1.11855
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TABLE 38—Continued

J/8 Intensity Frequency J/8 Intensity Frequency J/8 Intensity Frequency J/8 Intensity Frequency
Al. 0.40 0.91888 1.63246 0.45 0.78380 1.73623 0.60 0.50354 2.06394 0.65 0.43997 2.17717
A2, 0.88942 1.46332 0.80868 1.52772 0.61662 1.72621 0.56611 1.79382
A3. 4.43649 0.77460 4.51012 0.76146 4.66600 0.73107 4.70264 0.72319
A4, 1.30067 1.15322 1.17820 1.19163 0.85473 1.32621 0.76517 1.37655
A5, 3.81650 0.68990 4.02213 0.66390 4.54546 0.60000 4.68793 0.58272
A8, 12.00000 1.00000 12.00000 1.00000 12.00000 1.00000 12,00000 1.00000
AT. 1.89490 1.41118 1.74410 1.46185 1.36828 1.81775 1.26374 1.67155
AS8. 1.03032 1.37367 0.80666 1.47960 0.41427 1.83505 0.34184 1.96085
A9.. 7.02442 0.67235 7.37932 0.65669 8.04950 0.62872 8.18647 0.62468
A10. 3.25156 1.02335 3.21495 1.01267 3.21663 0.97215 3.24000 0.95812
All, 1.80014 1.30430 1.73203 1.33064 1.57026 1.39813 1.52721 1.41720
A12, 2.75314 1.01004 2.74568 1.00541 2.74690 0.98781 2.75213 0.98140
Al3. 6.79072 0.73790 6.96805 0.72330 7.33265 0.69201 7.41487 0.68453
Bl.. 4.08114 0.36754 4,21620 0.38877 4.40646 0.43606 4.56003 0.44783
B2.. 5.11058 0.13668 5.19133 0.14728 5.38338 0.17379 5.43389 0.18118
B3.. 0.56351 —0.77460 0.48989 —0.88646 0.33400 —1.23107 0.29736 —1,34819
B4, 2.88284 —0.17343 2.79967 —0,18882 2.59981 -0.22621 2.54690 —0.23610
B5, 5.80991 0.17343 6.01313 0.18882 6.52865 0.22621 6.66873 0.23610
Bs.. 2.18350 —0,28990 1.97787 ~—0.33890 1.45455 —0.50000 1.31207 —0.55772
B7.. 6.04688 0.44761 6.40536 0.46977 7.07832 0.51114 7.21461 0.51978
B8.. 1.99530 0.10878 2.00663 0.13215 2.10005 0.20717 2.14250 0.23150
BY.... 0.80267 —0.57334 0.73541 —0.64226 0.57674 —0.84875 0.53484 -0.91773
B10... 0.64529 -—0.53918 0.54154 —0.64250 0.33288 —0.97433 0.28730 —1.08999
B11 1.09579 -0.27907 1.01323 —0.31703 0.79920 -0.43843 0.73766 —0.48192
Bi12. 0.77108 —0.25371 0.59450 -~0.35314 0.29082 ~0.69419 0.23635 —0.81639
M1, 0.02866 —0.81730 0.03307 —0.87768 0.03520 —1.11675 0.03373 —1.20957
M2. 0.00394 2.67609 0.00418 2.80930 0.00387 3.24564 0.00359 3.40089
M3. 0.00769 2.28709 0.00879 2.37122 0.01036 2.65416 0.01040 2.75591
M4. 0.00048 —2.,12253 0.00052 -2.29017 0.00047 —2.81089 0.00046 -2,98911
M5. 0.00003 3.53278 0.00008 3.67016 0.00009 4.13263 0.00010 4.20832
M6, 0.05108 1.94941 0.05905 2.02250 0.06394 2.29607 0.06177 2.39919
M7. 0.00298 2,60672 0.00385 2.66034 0.00686 2.80871 0.00799 2.85725
M8, 0.00291 —1.55613 0.00302 —1.68283 0.00270 ~2.10478 0.00245 —2.25644
M9. 0.00658 —1.15322 0.00901 —1.19163 0.01681 —1.32621 0.01921 —1.37655
Al. 0.50 0.67218 1.84307 0.55 0.57995 1.95246 0.70 0.38680 2.29186 0.76 0.34208 2.40776
A2. 0.73699 1.59307 0.67329 1.65926 0.52101 1.86203 0.48064 1.93078
A3. 4.57143 0.75000 4.62277 0.73995 4.73387 0.71616 4.76065 0.70985
A4. 1.06193 1.23346 0.95377 1.27842 0.68491 1.42817 0.61347 1.48383
A5, 4.21268 0.64039 4.38718 0.61915 4.81546 0.56714 4.92016 0.55305
A6. 12.00000 1.00000 12.00000 1.00000 12.00000 1.00000 12. 00000 1.00000
AT7. 1.60713 1.51304 1.48239 1.56495 1.16788 1.72640 1.07993 1.78234
AS8. 0.63702 1.59307 0.50982 1.71207 0.28623 2.08859 0.24290 2.21766
A9. . 7.65848 0.64503 7.87721 0.63631 8.29662 0.62076 8.38625 0.61767
Al0. 3.20005 1.00000 3.20204 0.98627 3.26911 0.94448 3.30171 0.93141
All. 1.67178 1.35496 1.61820 1.37742 1.48837 1.43476 1.45322 1.45091
A12. 2.74285 1.00000 2.74356 0.99406 2.75867 0.97494 2.76609 0,96853
A13. 7.11376 0.71107 7.23363 0.70076 7.48362 0.67808 7.54147 0.67248
B1. 4.32782 0.40693 4.42005 0.42255 4.61320 0.45814 4.65793 0.46724
B2, 5.26301 0.15693 5.32671 0.16574 5.47900 0.18797 5.51936 0.19422
B3. 0.42857 —1.00000 0.37724 ~1.11495 0.26613 —1.46616 0.23935 —1.58485
B4, 2.72539 —0.20268 2.65905 —0.21511 2.49963 —0,24490 2.45737 —0.25272
Bs. 6.20108 0.20268 6.37294 0.21511 6.79409 0.24490 6.90588 0.25272
BS§.. 1.78732 —0.39039 1.61282 —0.44415 1.18454 —0.61714 1.07084 —0.67805
BT.. 6.68659 0.48696 6.90614 0.50043 7.32371 0.52686 7.41208 0.53276
BS,. 2.02969 0.15693 2.06166 0.18216 2.18709 0.25488 2.23240 0.27714
B9.. 0.67612 —-0.71107 0.62358 —0.77988 0.49716 ~0.98686 0.463156 —1.05617
B10. 0.45715 ~0.75000 0.38863 —0.86083 0.24982 -1.20737 0.21879 —1.32616
B11 0.93656 —0.35611 0.86541 —0.39652 0.68057 —0.52704 0.62769 —0.57379
B12. 0.46188 —0.46107 0.36363 -0.57533 0.19509 -0.94097 0.16336 -1.06723
M1. 0.03536 —0.94918 0.03590 —1.02948 0.03183 —1.30685 0.02974 —1.40776
M2, 0.00421 2,94918 0.00410 3.09486 0.00327 3.56011 0.00294 3.72286
M3. 0.00960 2.46107 0.01010 2.55566 0.01030 2.86039 0.01010 2.96717
M4. 0.00051 / —~2.46107 0.00050 —2.63477 0.00043 —3.16918 0.00039 -3.35086
M5. 0.00007 3.81718 0.00008 3.97185 0.00010 4.46801 0.00010 4.64101
M6. 0.06340 2.10611 0.06474 2.19791 0.05882 2.50621 0.05548 2.61631
M7. 0.00478 2.71107 0.00580 2.76021 0.00911 2.90628 0.01023 2.05611
MS8. 0.00301 —1.81718 0.00288 —1.95812 0.00221 ~2.41249 0.00197 —~2.57243
M9. 0.01160 ~—1.23346 0.01424 ~1.27842 0.02138 —1.42917 0.02328 —1.48383
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TABLE 38—Continued

J/8 Intensity Frequency J/s Intensity Frequency J/s Intensity Frequency J/s Intensity Frequency

Al,...| 0.80 0.30422 2.5247¢ | 0.85 0.27200 2.64250 1.00 0.20000 3.00000 2,00 0.05051 5.44949
A2.... 0.44444 2.00000 0.41190 2.06965 0.33211 2.28078 0.11325 3.73205
Us.... 4.78375 0.70416 4.80379 0.69901 4.85005 0.68614 4.95677 0.64575
U4.... 0.55019 1,54031 0.49428 1.59841 0.36319 1.78078 0.07967 3.14628
A5.... 5.03026 0.54031 5.12004 0.52876 5.33334 0.50000 5.82843 0.41421
A6.... 12.00000 1.00000 12.00000 1.00000 12.00000 1.00000 12.00000 1.00000
AT, ... 0.99926 1.83936 0.92530 1.89745 0.73859 2.07772 0.21674 3.42349
A8, ... 0.20864 2.34759 0.18117 2.47806 0.12515 2,87056 0.02886 5.449049
49.... 8.46000 0.61521 8.52134 0.61322 8.65386 0.60911 8.91359 0.60202 .
Al0. . 3.33609 0.91803 3.37101 0.90738 3.47168 0.87687 8.82280 0.78246
All. .. 1.42133 1.46576 1.39232 1.47940 1.31962 1,.51402 1,10843 1.61562
412, .. 2.77405 0.96223 2,78228 0.95608 2.80704 0.93872 2.91365 0.86329
A13... 7.50049 0.66758 7.63231 0.66328 7.72619 0.65302 7.92684 0.62521
Bl.... 4.69578 0.47531 4.72800 0.48250 4.80000 0.50000 4.94949 0.55051
B2.... 5.66556 0.20000 5.58810 0.20535 5.66789 0.21922 5.88675 0.26795
B3.... 0.21625 —1.70416 0.19621 —1.82401 0.14995 ~2.18614 0.04323 —4.64575
B4.... 2.41956 —0.25969 2.38569 ~0.26589 2.30348 —~0.28078 2.09190 —0.31784
B5.... 7.00537 0.25969 7.09382 0.26589 7.30470 0.28078 7.80708 0.31784
B6. ... 0.96974 —0.74031 0.87997 —0.80376 0.66667 -~1.00000 0.17157 —2.41421
BT. ... 7.48451 0.53774 7.54450 0.54200 7.67326 0.55173 7.92048 0.57651
B8 2.27734 0.29820 2.32114 0.31805 2.44131 0.37056 2.82828 0.55051
B9.... 0.43238 —1.12566 0.40444 —1.19534 0.33453 —1,40560 0.12613 —2.84275
B10... 0.19290 —1.44609 0.17115 —1.56694 0.12361 -1.93356 0.02989 —4.42822
B11... 0.57883 -0.62213 0.53379 —0.67202 0.41955 —0.83030 0.10837 —2.09052
B12.., 0.13858 ~1.19464 0.11894 -1.32284 0.07969 —-1.70072 0.01661 —4.,27006
Ml.... 0.02762 ~1.51165 0.02556 —1.61801 0.02010 -1,94827 0.00550 —4.32247
M2.... 0.00263 3.88875 0.00233 4.05745 0.00159 4.57772 0.00014 8.32247
M3.... 0.00982 3.07590 0.00049 3.18630 0.00838 3.52530 0.00345 5.916871
M4.... 0.00036 —3.53398 0.00034 —3.71836 0.00026 -~4,27788 0.00005 —8.13425
Ms5.... 0.00010 4.81677 0.00009 4.99486 0.00008 5.54001 0.00002 9.368148
M6.... 0.05203 2.72888 0.04863 2.84344 0.03942 3.19570 0.01237 5.65645
MT7.... 0.01132 3.00692 0.01236 3.05880 0.01508 3.22118 0.01773 4.48850
MS8.... 0.00173 —2.73580 0.00152 —2.00224 0.00101 —3.41688 0.00008 —7.14395
M9.... 0.02489 ~1.54031 0.02622 —1.59841 0.02863 -1.78078 0.02135 —3.14626
Al....] 0.90 0.24439 2.76106 0.95 0.22061 2.88025 3.00 0.02222 7.93273 4.00 0.01240 10.42443
A2.... 0.38258 2.13969 0.35608 2.21008 0.05550 5.21221 0.03270 6.70156
A3.... 4.82126 0.69433 4.83657 0.69005 4.98000 0.63104 4.98855 0.62348
A4, ... 0.44497 1.65796 0.40151 1.71879 0.03148 4.59822 0.01644 6.07384
A5, ... 5.19972 0.50827 5.27046 0.50872 5.926C3 0.38600 5.95932 0.37228
46.... 12.00000 1.00000 1200000 1.00000 12.000C0 1.00000 12.00000 1.00000
AT. ... 0.85753 1.95657 0.79545 2.01667 0.09497 4.86824 0.05225 6.34128
A8.... 0.15884 2.60881 0.14046 2.73969 0.01272 7.98019 0.00715 10.49496
A49.... 8.57286 0.61159 8.61654 0.61024 8.96163 0.60087 8.97836 0.60049
A10. .. 3.40561 0.80648 3.43928 0.88631 3.91785 0.75671 3.95328 0.74681
All. .. 1.36587 1.49193 1.34172 1.50344 1.05170 1.64241 1.02984 1.65270
Al2... 2.79061 0.95010 2.79889 0.94431 2.95387 0.82687 2.97172 0.80613
Al13... 7.66821 0.65946 7.69923 0.65606 7.96693 0.61651 7.98116 0.61228
B1.... 4.75561 0.4889%4 4.77940 0.49475 4,97778 0.56727 4.98760 0.57557
B2.... 5.61743 0.21031 5.64381 0.21492 5.94451 0.28779 5.96730 0.29844
B3.... 0.17874 —1.94433 0.16343 —2.06505 0.02)C0 -7.13104 0.01145 —9.62348
B4.... 2.35531 —-0.27142 2.32803 —0.27636 2.04219 ~0.32621 2.02424 -—0.32028
B5.... 7.17245 0.27142 7.24240 0.276836 7.91303 0,32621 7.95087 0.32928
B6.... 0.80028 —0.86827 0.72954 ~0.93372 0.07397 —~3,88600 0.04068 -5.37228
B7.... 7.50471 0.54568 7.63713 0.54889 7.98503 0.58430 7.98044 0.58819
BS.... 2.36326 0.33670 2.40337 0.35418 2.92485 0.61473 2.95883 0.64610
Bg9.... 0.37900 —1.26523 0.35577 -1.33531 0.068437 —4.31234 0.03871 —5.79493
B10... 0.15274 —1.68856 0.13706 —1.81080 0.01306 —-8.93522 0.00738 —0.44082
Bil... 0.49238 —0.72339 0.45439 ~0.77618 0.04329 —3.49680 0.02242 —4.94837
Bil2... 0.10315 —1.45154 0.09029 -1,58055 0.00704 —6.79502 0.00382 —~9.30628
M1.... 0.02360 -1,72643 0.02178 —1.83661 0.00239 -~6.78118 0.00132 —9.26067
M2.... 0.00206 4.22868 0.00181 4.40218 0.00003 12.23370 0.00001 16.19014
M3.... 0.00913 3.20812 0.00876 3.41117 0.00176 8.37860 0.00103 10.85923
Ms.... 0.00031 —3.90388 0.00028 —4.09042 0.00001 —12.07443 0.00000 —~16.04188
M5.... 0.00009 5.17493 0.00008 5.35673 0.00001 13.290181 0.00000 17.25485
M6.... 0.04536 2.95961 0.04228 3.07711 0.00578 8.15260 0.00340 10.65358
M7.... 0.01334 3.11180 0.01425 3.16594 0.01268 5.895902 0.00888 7.34788
MS8.... 0.00133 —3.07141 0.00116 —3.24304 0.00001 =11.04852 0.00000 —~15.00146

M9.... 0.02727 —1.65796 0.02806 —~1.71879 0.01301 —~4,50822 0.00846 ~6.07384
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TABLE 38—Concluded

J/s Intensity Frequency J/8 Intensity Frequency J/s Intensity Frequency

7 I 5.00 0.00789 12.91948 10,00 0.00185 25.40967 @ 0.00000 @

- 0.02150 8.19493 0.00566 15.68115 0.00000 ®
. e 4.99260 0.61887 4.99811 0.60952 5.00000 0.60000

Ad o i e 0.01001 7.55914 0.00224 15.02961 0.00000 @
Y ¥ 5.97437 0.36421 5.99382 0.34847 6.00000 0.33333
AB. o e e 12.00000 1.00000 12.00000 1.00000 12.00000 1.00000

7 0.03284 7.82550 0.00784 15.29514 0.00000 ©

- T - 0.00458 13.00345 0.00115 25.51929 0.00000 ©
7 L O 8.98615 0.60031 8.99656 0.60008 9.00000 0.60000
7 5 (R 3.96996 0.74206 3.99243 0.73555 4.00000 0.73333
5 1.01933 1.65763 1.00491 1.66437 1.00000 1.66667
. & 2 2.98087 0.79284 2.99477 0.76436 3.00000 0.73333
G 7.98788 0.60977 7.99698 0.60484 8.00000 0.60000
2 4.99211 0.58052 4.99805 0.59033 5.00000 0.60000
B2, .. e 5.97851 0.30507 5.99435 0.31885 '6.00000 0.33333

2. 2 0.00741 —12.11887 0.00189 —24.80052 0.00000 -
2 2.01562 —0.33073 2.00394 —0.33268 2.00000 -0.33333
27 7 7.96850 0.33073 7.99211 0.33268 8.00000 0.33333

2 P 0.02563 —8.86421 0.00618 —14.34847 0.00000 -
7.98753 0.59053 7.99690 0.59524 8.00000 0.60000
2.97422 0.66448 2.90390 0.69995 3.00000 0.73333

0.02576 —7.28374 0.00693 —14.75966 0.00000 -

0.00471 —11.94489 0.00113 —24.45469 0.00000 -

0.01352 —6.41896 0.00293 —13.85985 0.00000 -

0.00241 —11.81261 0.00061 —24,32308 0.00000 -~

0.00083 —11.74843 0.00020 -—24.22411 0.00000 -

0.00001 20.16446 0.00000 40.11449 0.00000 ©

0.00068 13.34751 0.00019 25.82388 0.00000 -

0.00000 —20.02148 0.00000 ~39.97870 0.00000 -

0.00000 21,23157 0.00000 41.18362 0.00000 ©

0.00221 13.15498 0.00054 25.65960 0.00000 L

0.00643 8.81865 0.00202 16.25956 G.00000 [

0.00000 -18.97363 0.00000 —38.91917 0.00000 ~ e

0.00588 ~7.55914 0.00172 -~15.02961 0.00000 -




